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Abstract

In this paper the problem of force fit of a hollow shaft in a hub of large radius is completed
under the assumption of plane polar elasticity. Different materials are admitted and radial
displacement of the inner and outer radius of the shaft together with that of the hub are allowed.
Complete splutions are obtained and are compared with that of the solid shaft. In the case of solid
shaft, the results showed that the strain energy is equally shared between the shaft and the hub.

1. Introduction

It is indicated in literature that the problem of a hub force fitted to a shaft which has a great
interest in most engineering applications must be handled properly. In spite of the simplicity of
the general problem statement, it has been difficult to obtain exact solutions in most particular
cases. In 1987, Grunau and Hahn [3] studied the strength behavior of bonded and shrunk hub and
shaft joints under continuous quasi-static stress as a function of the choice of adhesive and found
that the necessary manufacturing tolerances should be seen as one aspect of the economical
production of the parts to be joined. In 1990, Orcan and Gamer [4] studied the shrink fit
consisting of elastic hollow shaft and nonlinearly hardening elastic-plastic hub. General
expressions foe stresses and displacement are derived in a shrink fit consisting of elastic hollow
inclusion and elastic-plastic hub. The thermal assembly of an elastic-plastic hub and a solid shaft
is investigated by Mack [5],1993. In 1995, Esebec and Goetz [6] introduced an experimental
study on ceramic-metal joints for shafthub connections in gas turbines. In 1997, Gao and Alturi
[7] presented an analytical solution for the axisymmetric shrink-fit problem with a thin strain-
hardening hub and an elastic solid shaft. In our investigation, the problem is solved for both
hollow and solid shafts and also for different materials. In addition the distribution of the strain
energy in the shaft and the hub is presented.
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2. Formulation of the problem

Consider the plane stress in the cylindrical polar coordinates, the equilibrium condition is

do, ©,-0g
—+—=0
B ” M

and Hook's law;
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Here we have,

u is the radial displacement,

0, and 0, are the radial and tangential stresses respectively,
v is poison ratio,

E is the Young's modulus of elasticity and

¢, and se are the radial and tangential strains respectively.

The system of equations (1) and (2) reduces to the equation:

d?u 1du u
;;+fdf r? ®)

which has the general solution, u =Ar+E where A and B are arbitrary B are constants. It is
r

implied that the solution inside the shaft should be u, = A+ = while the solution in the hub of
r

large outer radius should be u, = 5 The following schematic diagram for the shaft and the
r
hub before fit.

The following notations are used for the radii.

The outer radius of the shaft before fitis r,, and after fitis r, - §

8

The inner radius of the shaft before fitis r;, and after fitis r;- &,
The radius of the hub before fit is R, and after fit is R+ O .
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Fig. 1: Schematic diagram for the shaft and the hub before fit.
The strain field for the shaft is,
B B
ers=As—'75 and eBs=As+'_; 4)
r r
and the strain field for the hub is,
B
Em=-— and Eg=—" (5)
r
From equations (2) and (4), the stress field for the shaft is,
B
On = T [As(l+ Vs)-_;(l - Vs)]
g (6)
Cgs = [ (1+Vs)+ (l' s)]
1- vs
and the stress field for the hub is,
—Ey |Ba
Orh = : [ @a-v h)]
E h B @
Cgh = 52[ 3 l Vh)]
I-vj

Applying the following boundary conditions in equations (6) and (7) to determine the three
unknowns A, B, and By,

In the hub

In the shaft - hub contact

In the shaft inner radius

Un |r=R+6h =8

c"-“'.|r=k+8h =T 'r=R+5h

=0

Grs Ir:ris-ési
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We get,

Bh =6h(R+5h)
Eh 1-vg Sh 1

By l+wy Rl (,i)Z
“\R

9)
Eh 1+ Vg 6h l'iz
B, =— — =
ES 1+ Vh R 1 —(%)
Using the following condition on both shaft radii,
R+ 8}, =Ty — 55
Us [rag, -5, = Ois (10)

Ug lr=R+8, = 83

From equations (9) and (10) and the solution of equation (3) we deduced the general solution of
0.,0,andad,
) -R)—

5h =([°—R)—J and (11)
R

1+¢

where

1',.
_E_ R 2
W_Esl ( i) [1+vh]

3. Special Case (I) : Same material with a Numerical Example

If the shaft and the hub are of the same material ¢ and y take the form

b= (o - R)T

8y =(ro )— and

i =(ro _R)_I%E

(12)
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Taking the following numerical data,

r=20 mm, R=50 mm, r, = 51 mm and ¥=0.3 and substituting into ( 12) to determine 6,0 , and 0,
we get,

0,=0.454 mm, ,0,=0.4 mmand d, =0.546 mm.

4. Special Case (II) : Solid Shaft

In the case of solid shaft, the displacement will be u = Ar which gives the following
stress fields,

Cp =

E
1_:’2 [As(1+vs)]=°63 (13)

with the boundary condition,

In the shaft - hub contact this gives,

Crs r=R+8, =0 r=R+8,

_Epl4+v, 8y

A
* 7 Eg 1+vy R+3,

with the condition  u, [r=k+s =5, weget,
]

8y (14)

For same material we conclude,

85=8h=6=%(r0-R) 15)

5. Strain Energy Sharing

The strain energy ®(r) is defined by, ®(r) =0, +0,&,50 for the shaft and the hub
takes the form,

2E, 9
o (1) = 2E, A = h _ b
1+ v, 1+vy, R? (16)

[0/} =
b (r) 1+Vh r4
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The total strain energy is,
@
Inthehub ®, =2x]rdy (F)dr = —~Ch 52
R 1+Vh
17)
2E; &% (
In the shaft @, =nR? h bl 2nEy 82
l1+vy RZ) 1+vy
47E,

From the result ( 16), the total energy T

&2 is equally shared between shaft and hub.

Vi

6. Conclusions

It is proved that a central hole in the shaft reduces the shaft radial contraction at the outer
radius and the strain energy is equally shared between the solid shaft and the hub of large radius.
Calculation of radial stresses at the contact surface and for the same material depends on the
radial displacement and is greater for the hollow shaft than that of the solid shaft, for the
presented numerical example, o, / E;, = 0.00858 (for hollow shaft) and o, / E, = 0.007616 (for
solid shaft).
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