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Abstract

The solution of the stochastic wave equation under damping coefficient and
stochastic forces is considered in this paper using the finite sine transform method .
The equation represents a damped vibrating string under a stochastic force . The
ensemble average and variance of the string deflection are computed in general
expressions and then relaxed to the case of the modulated white noise. A case study

1s considered to illustrate the reliability on the present analysis .

Introduction

Stochastic partial differential equations are a major part in the theory of the
stochastic differential equations because of the wide applications they represent in
engineering and science , the difficulties which should be solved and the great
number of methods and techniques described in both analytical and numerical
algonithms .Many researchers investigated the techniques and applications of the

stochastic partial differential equations , for example see [1-14] .
The random vibrations of strings was the subject of many investigators as an
application on the stochastic wave equation . Vibrations determined by random

forces having the structure of white noise or stationary and differentiable processes
were analyzed by Cabana [15, 16] and Orsingher [17, 18] . Funaki, in a very
lengthy paper [19], investigated the random motion of an elastic string by using the
theory of infinite dimensional stochastic differential equation.A stochastic partial
differential equation describing forced vibrations of a string subjected to random
perturbations 1s studied by Elshamey [20] . The unstable simple modes of the
nonlinear strings were analyzed in [21] .
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Some special cases were analyzed in [15,16] while Orsingher [18] considered
the displacement of an infinitely long idealized string excited by white noise .
Orsingher gave upper and lower bounds on the maximum displacement of a point
on the string . Funaki [19] derived a basic equation which describes the random
motion of a string using Ito equation and studied its several properties in Hilbert
space . Elshamy [20] analyzed the large deviations of the random vibrations of a
string using an external force which depends nonlinearly on the vibrations .

In this investigation , a linearly damped string under stochastic force is

analyzed using the finite sine transform . General expressions for the ensemble
average and vaniance of the random vibrations are obtained related to a general

stochastic process as an external force .Then, random vibrations and some related
moments are obtained under modulated white noise .

Problem formulation and solution methodolo_gy

The stochastic damped vibrating string equation with random force F(x,t;w) 1s
given by

u, (x,;w) = @’u,_(x,8)- Bu,(x,t) + F(x,t;w) (1)

where u (xt) isthe deflection of the string . The constant o = ¢/ p represents
the ratio of the tension of the string to its linear density . 8 is an arbitrary

propotionality constant . (x,t) €(0,L).(0, «) and we(Q, B, P):a probability
complete space in which Q is the abstract space of the elementary events w . B is a
o- filed of subsets of Q2 and P is a probability measure . The string is fixed at the

ends,x=0and x=1L .ie.
u(0,t)=0 u(L,t)=0 (2)

The form of the motion of the string will depend on the initial deflection (deflection
att =0 ) and on the initial velocity (velocity att=0 ). Let :

u (x0)=1(x) , U, (x0)=g(x) ' (3)
We shall proceed step by step as follows:

Step-1: Applying the method of the finite sine transform [22] . A non- homogeneous
ordinary differential equation with initial conditions is finally obtained .
Step-2: Solving the previous ordinary differential equation .
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Step-3: using Fourier series in order to get a solution of equation (1) .

Step-4: Computing statistical moments of the solution process .

The general solution

Step 1: Let us assume that the terms of equation (1) can be expanded as
Founer sine series as follows : '

", = ga(t)ﬁn(il’?). (4)
where _

A, (1) = %E%:(x, f)Siﬂ(fz’E)df (3)
u, = ,,ZﬂB" (t)sin(f—?-) (6)
where

B,(1)= %iu, (x,t)sin(fz—ﬁ-‘)cﬁr | (7)
4 = écn(r)sin(f—i’:-‘f‘-—) (8)

2 nmx

C (1) = E-!u,(x,t)sin(-z-)tﬂ (9)
and

FOLEW) = T A w)sin() (10)
where

E(t,w) = %iF(x,t;w)sin(n—f-c—)dr (11)

Substituting equations (4) , (6) , (8) and (10) into equation (1),the following is
obtained :
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% (4, (0)- @B, (0)+ AC, ()= F (5 w))sin(=~) = 0 (12)

The following relationships can be used :

d'U,(t)

A(1)=—2% (13)
B.(¢) = __[ g TU (1) - _2_2__3{_ u(0,t)+ (-1 uw(L,0)] n=123 . (14)
c,(n= =20 (15)
where U (1) is the sine transform of u (x, t) ,1.e.:

u(x,t)= ZIU (t)sm(——-——-) (16)
Substituting equation (2) into equation (14) ,we obtain

B,(1) = —-Ff:l Un(1) n=123 (17)
Substituting equations (14), (15) and (17) into equation (13) ,we get :

[U )+ BULO)+ 7, U0 - Ftwsin(—) =0 (18)
y, = (%—’3)’ 19)
Since this is an identity in X, the coefficient must be zero ; that 1s
Ul (t)+ U (1) + v,U, (1) = E,(t;w). m=12,.. (20)

Assuming the expandability of f (x) and g (x) as Fourier sine-series,1.e.
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f@x) =Y U.(0) sm( =) then

n=]1

U,(0)= = ff(x)ﬂn(————)ér ' (21)

g(x) = ZU’(O).sin(-’?)

n=]

from which

U 0y ~ f 2(x). mn(—————)abc (22)

Denoting U,(0) and U/(0) as ®, and ¥, respectively, the following O.D.E. is
obtained.

U, (8)+ BULt) + y,U, (1) = F,(t;w) ‘ (23)
'

U, (0)= O, (24)
U: (0)=Y¥ 4 p=1ld3d _ (25)
Step-2 : The roots of the auxiliary equation of (23) are (-f4+ ,/ ﬂ —4y ) / 2 .

Letusput r=(B-\F-4r)2 , j=B+~JB -4r,)/2 (26)

and suppose that the first k values of n produce the overdamped solutions with
real characteristic roots (-z,—j),(-7,—/),......(~7.,—j. ) .For the rest of the values of

n, the underdamped solutions, with the following complex characteristic roots [ 23]
~Diai EMps 2 T Blin 4  cecciesmn are the independent solutions of equation

(23). Finally, the general solution of equation (23) takes the following form [24]:

J.ej"’F,,(r;w)a’r....n i b T

U()=Me™+Ne’ +— J.BHF(TW)JT+ q
jﬂ+rﬂﬂ

—?' +jn0

s i % 4
= e (Mncosq,t+ N,sing t)+ = -%l—nq-"{.fe""fﬁ; (T;w)cosq, 7 — ' '
n n fl 27
qﬂ 0 ( )

~Pnt :
f___E.DE___NJ'ePn"F;(r; w).sing, w7 ’ n=k+Lk+2,....
In
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where :
M, = Jﬂ?" k7
q.)fu “’; (28)
N =n_ ' , n=12,..k
T = JIn
M=0 _
. - (29
N= <, +——P”®” y  n=k+Lk+2,. )
9n

Step-3 :Using the previous results of the last two steps the following general
expression is obtained for the solution process under a general stochastic force:

© k
u(x,t;w) = YU, (t).sin(%) = Zsin(-n—L’E).[Mne""‘ e [ e F,(r;w)dr
n=1 n=1 n T Jn o

€

¢

=Jnt o . i
+ € je"fufE(T;W)dT]+ Zsin(ﬂ)[e‘ht (M" COSCI,,I N Sil’lqnt)+

"_jn T n=k+1 g
—put t = Pyt t ; ;
¢ TR [ o (1;w) cosq, mir - E—0n- [P F (5 w).5ing, w7 (30)
. 0 9n 0

Step-4 : The ensemble average and variance of u ( x, t; w) are computed as the
following

e_rlr e_.;l't

—— | " EIF, (r,w)d1]
~ I r ’, 0

. nemw. . - r
Elu(x,t,w)] = Zsin(T).[Mue"" +Nen + - | e* ETE, (z;w))dr +

n=1 =P T Jn 0

e 7" sing 1

+ Y sin(EL) e (Mncosg,t + Nasing,t) + [ &7 EIF, (r; w)]cosq, @ -
)

s 24 L 9n
¢ " CO8Gul [ pru Y, (5 w)sing, 27 (31)
whef; D . |
ETF,(1;w)] = %IE'[F(J:, £ w).sin(— )b ' (32)
and
Varlu(x,t;w)] = Elu(x,t;w)]' - [E(u(x,t;w))] (33)

where
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Elu(x,t;w)F = ZZ sm(—-———-) sm(T)[M M et L N M elnm) |

n=1m=1

M ne(_Jn- »)t T (=ry ~Jm )t T )t N me—f}.f- r hT
w)ldr + ——;—-——j.e’" BIF,(r;w)ldr+ M,N, & + N N, ¢ m | e ELF, (;w)].
s + 4 —7, * jﬂ 0

N ("r —r_)t £ e -)t !
—M - I e™E(F (z; w)]dr+ *—-—--*-—-—N"e _ J-er"’E[Fm(T;W)]dT+

- A *le % =Rt Js %

Cr-mkt Sara)t

I j e EIF (7,,w).F (7,,w)ldr,dz, +

dt+

j e E[F (v;w)])dr +

€

rapreeRt] [[erne

(——j,,+r)(—-r +Jm 00 .

Iy ~Ju)t 1 (-Jn-Jm)t ! |
EIF, (5, W), (s W)l dr, + 0SB, (ryw)lds + 2 [ & EIF, (r;w))dr +
-'_Jm T r:n 0 _Jm r rm 0
Lt ("ju_j-)"’ t 1
- —— | | €™ " E[F (7,;W).F_(7,;w)ldr,dr, + ————— | | " /" E[F (7,; w).
(-1, + )("J,.+?‘)£'[ _ ’ 2 Ty !J; :
F (ryw)drdr, + Z 5111(——-——) sm( 7 et PP (M, M cOSq 1.cOSG t + Nu Mnsing t.

n=k+ilm=k+

e(- ~Jm )t y

- ~ - - ( Prn ~Pm)t mnq
cosqg, !+ Mn, Nmcosg,t.85ing, t+ Nn Nmsing,t.sing,t) + "—_‘_'—“""*"“L(Mm cosq,, + Nn sing_1).
9n
(_PH ‘Pn)l i = t
il (Mmcosqg, t+ Nm sinqmt).f e’ E\F (7;w)sing, @it +

| & ETF,(7;w)]cos g, mdT -
.-, q,

gl PnPu)t gin gt
S n (M. cosg,t+ Nasing,r) j e E[F. (; w)mﬁqmwfr +
9 9n-Im

e(*"" “P=X ging t.sing, ¢

el PP cogg t.8in qm

t

< it
: ¢ (‘Pu ~Pa )t

I __

0

i =
J. e’ e E[F (7,;w).E_(7,; w)]sing,7,.c08¢,7,d7,d7, — . (Mncosg t +
0

eP"1eP" 2 BIF (t,;w).F_(z,;w)]cosq, T, cosq,7,d7,dr, -

qm

- y (~Pn=Puw)t o3 £ 1
. =7 ging, t.cos8q. ¢ . o
Nnr sinqﬂt).fe”"E[Fm(r;w)..smqmm'r— E——-—-—;s-l—-f” el Ijep" 'e" T ElF (7,;w).
n"Iim 0

t t

(-Pn—Pa)t
: ""Pn2 cosq t.cO8q, ¢ = &
F (7,;w)]cosq, 1,.81nq 7,d7,d7, + S T BT '”e”" ‘e E1F (74, W).

Dn-TIm 00
F (z,;w)}.sing,7,.sinq, 7,d7,d7, , (34)
in..which
4 ¢¢. mem_ . mx,) _ _
E[F,(z;;%)-Fy(r;iw)] = j j sin(—=)sin(—“E[F(%,7;w).F (5,73 Widbadry;,  (35)
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n=p=% (36)
and

_
Y L R , (7)

Modulated white noise force

It 1s quite known that white noise n(t;w) defines an abstract stationary process
whose power spectral density 1s constant over the whole spectrum . It 1s a zero mean
Gaussian process and Dirac delta function correlation 1 .e .,

Eln(t;w)]=0) , (38)
and
E[n(tl;w).n(tz;w)]=5(11—12)- (39)

In this section , the random force F(x,t; w) 1s assumed to take the following form
F(x,t;w) = G(x,t).n(t,w) (40)

Substituting (40) and (38) into (32),we gt

BIF, (W] = - [ FIGG, Ot w)lsing ) = 0 (41)

Substituting (40) and (39) into (35) ,we get

L L
ETE (7;w).F, (7, w)] = %jjz”(xl )2, (x;,).G(x,,7,).G(x3,7,).0(7, — 7, )dx,dx, (42)

where
Z (x)= sin(-IEL{r-) (43)

Substituting (41) into (32) , we get

k m - -
E[u(x, I, W)] = Z Siﬂ("nf;)[Mne"mt + N"E'fn ]—|— Z Sin(*-—n%{r—— )[e pnt (M, cos g+ N, sinq"t)].. (44)
n=1 n=k+1

Substituting (41) and (42) into (34) ,we get
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k k
Elulx,t; W)Y = 23" Z (x)Z,, (N M, M ™" 4+ N M " L M N Cmmkt
n=lm=1
~Ly=re )t t (=Jn—tw)t
S ol 7L VPR ol
(-rn + Jn}(rm + .}m) 0 (—jn + A )( + Jm
(— —}-)f £ (_J.H 'J.n]r L

——— | e™mA dry —— eUn'm XA _dr]+ Z (x
(__r! + Jn)(_jm " rm)I (_Jnr ¥ ¢ )(_Jm + )Jf_: s n=zk+lm§+l "( )

(
" e e e
\*.*V.E( In J.)t+ J' G, + _)ré dr

Z_ ()PP (M, Mn cosg,l.cosq, ! + Nn Mo sing,.cosq,f + ﬂr} N cosg,t.sing,f +

2 = . . i 2¢P PN sing ¢, cos
N, Nn s:tnq,,t.slnqmr)+.‘.e“’"”") C084,7.c08q,7.A, ,dr— —— 9" O3’ J P
Dn-Im

('Pn ~Pm )t I '
cmqﬂ T Si.ﬂ qm T'Aﬂ,mdr 4 LM.J.QIP" +P:| )T Sill an- Sil'lqm T. ﬂ"#dr] i (45)
qr:' qm 0

where

4 L L
A .= El—.f.fzﬂ(xl).zm(xz).G(xl,f).G(xz,r)dtlcirz (46)

00

Case study

We take u(x,0)= x,u(x,0)=0,L=1Lae=18=1 and G(x,1) = G(x) = x .
In this case , the ensemble average and variance take the following form
respectively

Elu(x,t;w)] = i sin(nx :r).[ehi(ﬁ} nCOSq [ + I\f-—l,jI sing,?)] N (47)
n=k+1
where
L B35 . ' '
Mn = —[—.sinnzx - cosnr] | (48)
nw nx

- 2. [smmr nru. msmr]

Nn =
(nrx)’ 1/(2mr) -1

\/(21'!:;) ~1 . . (49
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Varfu(x,t,w)] = Z Z Sinnx. sinm:rr{(e"’ —-é' )[A:! . M m COSg f.COS8q I+ J\_fn M m.

n=k+im=k+]
. i~ - . S . 2 . e
sing,?.c0sq,! + M» Nmcosg,t.sing,t + N, Nusing,t.sing,t]+ —[——.
z 1%(g. -4.)
1 e

(cos(q, — g, )t + (g, — q,)-81n(q, — ¢,)t) - >-(cos(g, + g,)t +

—.—.—..-.-_.....__._..._..i.——.
1+(g,-q,)" 1+(g,+4q,)

. E 1 ~ ¢  8in(g, + g, )1~ (4, +9,)08(q, + g, )t
(9, + q.)5n(q, + g, )1) ey =248, > ( 1+(g +a )
_sin(g, — 4.0t — (9, — 9.)c08(q, — g.)t, 1 (g.+qn) (9.~ ) Al
5 =i g =} + :
1+(q,-4q,) e LG 4G, 19\, Q) 2
e . 1 e
I i TR A PR
. | ;
c08(q, + 4. )1+ (4, + q,)8I0(q, + 4,).0)+ m]} (50)
where |
A, = _i;z_[sin(mr) — cos(nx)]. Ralmx) - cos(mr)] (5 1)
nm nmw mit
B, = e cosq,l.sing,! (52)
qn'qu
and
C, = £ Comd,t.co8g,t (53)
qﬂ'qﬂ
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