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Abstract

An analytical study of magnetohydrodynamic free-convective and mass-transfer flow
between two parallel permeable plates, is presented, tacking into account the Eckert
number effects. The solution of the problem is obtained using perturbation method
with Eckert number E(<< 1) as perturbation parameter. Analytical expressions are
given for the velocity distribution, temperature field, skin-friction, heat transfer and
mass transfer. The detailed study has been made to know the effects of the various
parameters entering into the problem.

Introduction

Effects of magnetic field on doubly diffusive fluid systems find application in var-
ious branches of modern science like biochemistry, oceanography, stellar convection,
etc.Eldabe [1] have made an interesting analysis of the magnetohydrodynamic unsteady
free convective flow through a porous medium bounded by an infinite vertical porous
plate. Also, magnetohydrodynamic flow and heat transfer in a viscoelastic incompress-
ible fluid confined between a horizontal stretching sheet and a parallel porous wall was
presented by Eldabe and Sallam [2]. In a similar manner, Singh [3], Graham and Hunt
[4] and Srivastava and Sharma [5] have studied some problems in this field.

However, all of the above research dealing with the Newtonian and non-Newtonian
fluids concentrates only on the heat transfer problems. None of them deals with the
much more complicated problem which involves both the heat and the mass transfer
in the electrically conducting fluid. As a result, this research attempts to solve this
much more complicated problem, taking into account the thermal-diffusion effect. For
the governing equations of the problem, closed form analytic solutions are obtained
and evaluated numerically for different parameters, such as the Prandtl number P,
the magnetic parameter M, the modified Schmidt number S;, Soret number, and the
Eckert number. The contributions of these parameters to the heat and mass transfer
characteristics are shown to be quite significant.
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Analysis

Consider a steady two dimensional hydromagnetic flow of a viscous, incompressible
and electrically-conducting fluid confined between two parallel plates. The lower plate
fixed, and the upper moves with a uniform velocity in its own plane. The temperature
and salinities at the lower y=0 are Ty and Cp and at the upper y=h are Ty and C,
respectively, y-axis being taken as vertical. A uniform vertical magnetic field of strength
By is applied on the system. The induced magnetic field is assumed to be negligible.
The equations governing the motion of a fluid flowing between two parallel plates, in
the usual notation, are:

ou %u = . .. 0B}
v,——=uw+g/\(T—T)+g)x (C—C)——p—qu (1)
dy o G \dy
oc 8T 8°C
"o ~Pa e @
81) 3.
= =i 4

where (u,v) are the velocity components of the fluid in x and y directions respectively,
p is the density of the fluid, v = ‘;7’ is the kinematic viscosity, p is the coefficient of
viscosity, T is the temperature, C is the solute concentration, g is the acceleration
due to gravity, T is the mean of Ty and Tj, C is the mean of Co and Ci, ) is the
coefficient of volume expansion, A* is the coefficient of soluts mass expansion, a, 3 are
the thermal diffusivity of the fluid medium, 7y is the molecular diffusivity, o is the
electrical conductivity of the fluid and Cp is the specific heat.
Equations (1)-(4) express the conservation of momentum, heat, solute and mass. Also, in
equation (2), due to negligible induced magnetic field, the heat due to Joule dissipation
is also assumed to be negligible. Equation (4) shows that v is either a constant or a
function of time and as we assume a steady state the suction velocity v will takes the

constant value vg. Also the two plates are infinite in extent, hence all quantities are
functions of y only. Equations (1)-(3) reduce to

du d2u = - ~ 0B}
'l)o-(Ty—:V‘a? +g}\(T—T)“9)‘ (C—C)——b_o-u (5)
ody T Tdy?  Cp \dy (6)
g TP T a2 ()

The appropriate boundary conditions for the problem are:
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u=0,T=Ty,C=Cp, aty=0
u=uo,T=T1,C=Cl,aty=h (8)

where g is the uniform velocity of the upper plate in its own plane.
Introducmg the following non-dimensional quantities

Yvo T-T ) — C=C _ T,-T - -C o _ ]
T:’/ ”,o—T T’C ,O_C,n—ﬁ—q;,m__L__E,b CI
A(To— v -C
%TBO—) the Grashof number, G, ﬂ'\—vg‘%’o—q the modified Grash of number P =¥
the Prandtl number, S, = the schmidt number, So = 41“——)- the soret number

E = C_(—TLﬂ the Eckert number M= "—B} the magnetic ﬁeld parameter

Equations [5]-[8] after substituting from equat:on (9) may be written in dimensionless
form after dropping the dash mark.

d®uv  du
ok M e Mu=00—0C.0, 10
T e : (10)
d2 do du '
e . = 11
dy? de e ( y) ’ (1)
d2c dC d20
i U - 1= S — 12
PR S0 gy e

with the boundary conditions:

= =1, C=1, at =0
u=0, 0 s aty (13)
u=10=nC=m,aty=s

These equations are coupled and non-linear and hence very difficult to solve. To solve
them, u, @ and C are expanded in powers of E, the Eckert number, the Eckert number
for all incompressible fluids is always <<'1 [6]. Hence we take

u(y) = uo(y) + Bui(y) + O(E?)
8(y) = fo(v) + E61(y) + O(E?) (14)
C(y) = Co(y) + E:1(y) + O(E?)

Substituting (14) in (10)-(13), equating the coefficients of different powers of E, we
have the set of the following coupled linear equations:

(D2 —D-Mug = —G0g — G.Co (15)
(D? — D - M)u; = -G, — G.Co (16)

(D? — PD)8o =0 (17)
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(D? — PD)0; = —P(Du)? (18)
(D? - S.D)Co = —S0S.D00 (19)
(D? - S.D)C, = —SoS.D%, (20)

with the corresponding boundary conditions

u0=0, 00=1, C0=1, aty=0
e . (21)

w =1 0g=n,Co=m, aty=s .

uy=06=0 Ci=0, aty=20

(22)

1w =0,0=0C =0, aty=s

where D means -&‘L.
The solutions of (15)-(20) in virtue of the boundary conditions (21) and (22) are
respectively given by: :

0o = bze"V + by - (23)

s (ba N .SOSCbob‘aP) sy SoSebsP py g SoSebsPlbo—bs) (99

P-S. P-S. T T bs(P - Se)

g = b1o€¥"™® + bage¥™” — bioeP? — bie®? + bz, (25)

9, = bsoe’¥ +bgo — Plbsge®® + baoe?V?7 + byy eV + baze?®¥ (26)
+baqe¥?e — byse?®?® + byge?™® — byre?®? — bage¥?st — bage??®]

C, = broe?%* + bao — beaelV + beae®¥™ + beee?®r” + bgse?"Y + bege?V >+ (27)

2 b
b67eyb‘° = bsge”b" + bsge”b"’ ) b—meyb” = bne"b‘“ — boge¥®ee,

Se 2P 2yS,
wy = bioge?™'® — bioze?"'” + base” Y — base?Se + bgge?” + bere ™ "°

+b3362”b“‘ 4 b8962ybn + bgoe¥??® + bgleyb’“+ (28)
+b926ybao + bggeyb” + b94eyb3‘ o b95eybaa + bos

Hence, the expressions for u, 0 and C can be derived from (23)-(28) and (14) as
follows:

' 3 295 2bs
u = byoge?®® + broee?™"” + briget? — b€’ + E {baeezpy + bg7e?¥5< + bgge ¥’

b
+b8962yb" + bgoﬂybm + bgle”’"” I bggey"‘“’ 4 bggey"” + bg4eyb“ + bg56y 36+ byyg,
(29)
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0 = (b3 + Eb,n_—,g)epy - PFE {b3362vb“ + b40€2'yb" + b4162'Py + b43€2ysc + b44eyb2°

—byseV??® 4 byge¥t® — bypeVta — bage? — byge¥®?® + (by + Ebgo), (30}

C= bgleys’ - bgzepy +FE {bsaezyb“ + bﬁ4€2yb" + bssCQPy + b(‘;(sezysc + b67eyb“
31
—bcgeyb” + bsgeyb‘“’ = bmeyb"’ — b7leyb3‘ _ bneyb‘“ + bs3 ( )

where by — by12 are defined in the Appendix.
From the knowledge of the velocity, we can calculate the skin friction which is given in
dimensionless form by

T:cy = (_i_@;’ (32)
At the lower plate
Tzyly=0 = b117, (33)
and at the upper plate
T:cyly=5 = by29, (34)

Knowing the temperature field, it is important to know the Nusselt number and is
given in non-dimensional form by

df
— 35
Mg, (3)
At the lower plate
Nuly:O = b126a (36)
and at the upper plate
Nu|y=5 = bl321 (37)

Knowing the concentration field, it is important to know the rate of concentration
and is given in dimensionless form by

d s 4
M. = e : (38)
dy
At the lower plate
Mc|y=0 = bi37, (39)
and at the upper plate
M_|y=s = b142, (40)

where, by17,b122, b126, b132, b137 and big are defined in the Appendix.
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Results and Discussion

Heat and mass transfer in a Hydromagnetic flow between two parallel permeable
plates represents a very important class of fluid mechanics problems.That flow is gov-
erned by five parameters, namely, the Prandtl number P, the magnetic parameter M,
the Schmidt number Sc, the Soret number SO, the Eckert number Ec.An insight into
the effect of these parameters on the flow can be obtaind by the study of the velocity
distribution, temperature field and concentration. In figs.1-3, for M=1, Sc¢=0.3, S0=0.5,
Ec=0.1,the velocity, the temperature and the concentration are plotted for several val-
ues of the prandtl number P,it is found that all of them increase with the increase of P.

0 0« £ 1 1.5 2

fig. 1: Velocity distribution plotted against position in the case M=1, Sc=0.3, §0=0.3,
G=5, Ge=H,Ec=0.1
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fig. 2: Temperature distribution plotted against position in the case M=1, Sc=0.3,
S0=0.3, G=5,Ge¢=H, Ec=0.1

0 0.5 1 s 2

fig. 3: salinity dizf:t.ribution plotted against position in the case M=1, S¢=0.3, 50=0.3,
G=5, Ge=5,Ec=0.1
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figs.4-6,for P=0.5, Sc=0.3, S0=0.5, Ec=0.1, are discribe the effect of the magnetic
parameter M, one can sees that all of the velocity, temperature and the concentration
are decrease with the increase of M.

[CM=1
AM=3 b s :
< M=5 g A 5

o ¢ N W S 0 O

0 1 1 1.5 2

fig. 4: Velocity distribution plotted against position in the case P=0.5, Sc¢=0.3,
$0=0.3, G=5, Ge=5,Bc=0.1

CM=1
21| AAM=3
+rM=0
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fig. 5: Temperature distribution plotted against position in the case P=0.5, Sc=0.3,
S0=0.3, G=5,Ge=5H, Ec=0.1
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fig. 6: Salinity distribution plotted against position in the case P=0.5, Sc¢=0.3,
S0=0.3, G=H, Ge=5,Lc=0.1
From figs.7-9,for P=0.5, M=1, So=0.5, Ec=0.1,it is found that both the velocity
and the temperature are decrease with the increase of the schmidt number Sc but
the concentration decreases in the rangefrom y=0 to y=1.4 while it increases in the

rangefrom y;1.4 to y=2

7 .
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1 :
0 h

0 0.5 1 e 2

fig. 7: Velocity distribution plotted against position in the case P=0.5, M=1, S0=0.3,
=5, Ge=5,Ec=0.1
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fig. 8: Temperature distribution plotted against position in the case P=0.5, M=1,
S0=0.3, G=H, Ge=H,Ec=0.1
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fig. 9: Salinity distribution plotted against position in the case P=0.5, M=1, S0=0.3,
G=5, Ge=5,Ec=0.1

Figs.10-12, for P=0.5, M=1, Sc=0.3, Ec=0.1,discribe the effect of the Soret number
So on the velocity, the temperature and the concentration, it is found that all of them
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increase with the increase of So
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fig. 10: Velocity distribution plotted against position in the case P=0.5, M=1,
Se=0.3, G=5, Ge=5,Ec=0.1

0 0.5 1 1.5 2
5, M=1,

fig. 11: Temperature distribution plotted against position in the case P=0.
Se=0.3, G=5,G¢=H,Ec=0.1
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fig. 12: Salinity distribution plotted against position in the case P=0.5, M=1, Sc=0.3,
G=5, Ge¢=5,Ec=0.1

Finally, from figs.13-15, for P=0.5, M=1, So=0.5, Sc=0.3, it is found that the effect
of the Eckert number Ec is to increase all of the velocity, the temperature and the
concentration.

I:] Ec=0.1
/ N\ Ec=0.1
<45 Ec=0.2

O = N W o U0 o ~

0 £ .5, X 8 | AL 2

fig. 13: Velocity distribution plotted against position in the case P=0.5, M=1,
S¢=0.3, S0=0.3, G=5,Ge=5,
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fig. 14: Temperature distribution plotted against position in the case P=0.5, M=1,
Se=0.3, S0=0.3,G=5, Ge=5,

1T JBe=0.1
/" \ Ec=0.15
2.5 |~ BEc=0.2

0 d.5 1 1.5 2

fig. 15: Salinity distribution plotted against position in the case P=0.5, M=1, Sc=0.3,
50=0.3, G=5,Ge=H,
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Appendix

bo = ePS — 1, b1=(n—1),
by = bg — by, b3
b4 = %g’ b:; = F L 1
bs=7bn—1, b7_b5—b6,
bB = i,‘:a b9 = j',':,
bio = ey [~ G b = 58w [t + SREEE
by = L [ by + G\, {bg lf’(;,_" sSSP (p, bs)}] yb13 = bio + b11 — by,
big = broelS + by1€55b)5 yb1s = v1+4M,
bis = 1+2 yor7 = _1:'_’15.,
by = et17eSbus ,bro = (b13€5%7 —byy — 1)/bys,
byo = b13 — byo yb21 = (b16b19)?,
bag = (b17b20)? ,bag = (Pb1o)?,
by = (Scby1)? ybas = 2b16b17b19b20,
b = big + b17 ,baz = 2Pbygby7b90,
bog = P + by7 yb2g = 2P S;cb1ob1y,
b3o = P+ Sc yb31 = 2Pboby6b1g,
bza = P + bye b33 = 25.b11b16b19,
bzg = S. + by yb3s = 2S5cb11b17b20,
bzg = Sc + b7 yb37z = 2b1(2b16 — P),
bag = ba1/b37 ,b3g = 2b17(2b17 — P),
bgo = baa/b39 ,ba1 = ba3/2P?,
bag = 25.(2S. — P) yba3 = bag/bsa,
bgs = bas/[bas(b2s — P)] ybys = baz/[bag(b2s — P)],
bss = bag/[b3o(b30P)] ,bar = b3y /[baz(bs2 — P)],
bag = b3z /[b3a(bss — P)] , bag = b3s/[bag(bzs — P)],
bso = bag + bgg + bgy + byz + by ybs1 = bgs — bag + ba7 + byas + beo,
bsg = Plbsobs ) ,bsg = b3ge?St1e + byoe207,
bsq = ba1€25F + byze?5< ,bss = byseSb2® — byseSt2s,
bss = bage®t20byreta ,bs7 = bygeSt + bygeStss,
bss = [bs3 + 1)54 + bss + bsg — bs7] P ,bsg = (bss — bs2) /bo,
beo = (bsae”S — bsa)/bob 61=S,S.,
b62 = P!};S': vbGS 2"2bL:’82_i bscP;
bog = Zgglasbul Jbos = 2paga,
b(;(; = 2Pb43bm , b67 = %a
bs = tapoanfia by = bap et P,
bz = '-"’ﬁf?“:b‘s”ﬁ ybyy =& ,,:‘_SCP,
bry = btk yb73 = be3 + bga + bes + bes + be7,
br4 = bgg + beg + bro + b7y + b2 yb7s = bga — bra + by,

bre = beae®S"'0 + b 4(2”"" + bg5e2FS + bgge?55¢ + bgreSb2e,
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b7 = bsgem'”b(;g(:s"“" + et 4 b71€Sb‘“ = bneSb”,

brs = be2elS — brg + brr yb7o = 97-‘3_;9"‘,

bgo = brse” “—bm "g;‘: = ,bg1 = bg + JTL;H,,SP?—{:}CP + Ebqg,

bey = 32all 4 By, bz = by — 205 L0ebe) 4 Fgy,

b34 ((’(-b(,z == ('()r())/(rﬂ P- M) ,b85 =G b79/( ‘ S, M)
b = (G Pbay — G obgs) /(4P2—2P— M) bay = (G Pbag—C.bus) /(452 ~25.— M),
bss = (G Pbsg — Gcbga)/(4b3g—2b16 — M) ,bgg = (GPbao— Gcbea) /(4b17 —2b17— M),
bgo = (G Pbyy — G obgr)/ (b3s — bag — M) ybg) = (Gcbes — GPb45)/(b23 —bog— M),
bgy = (G Pbys — (r",b(;g)/(bgo ~b3o— M) ,bog = (Ggbro— Pb47)/(b32 —b3zs — M),
bos = (Gcbry — G Pbgg)/(b34 — bsa — M) ,bos = (Glebra — G Pbyg) /(b3 — bz — M),
bos = (Gbﬁo + Gobgo)/M ,bg7 = bgq — bgs + bgg + bg7,

bog = bag + bay + beo + bg1 ybog = bcn + bg3 + bgg + bgs + bog,

bioo = o7 + byg + by ,broy = bgaePS — bgseS5< + bgge®”

brog = bare?55c 4 bgpe?St1e 4 bgoe?St17 ,b103 = bggeS?28 + bg; €528 + bggeSta0,
broa = bo3eS¥32 + bygeSt34 + boseSh8 + bgg ,bigs = b1 + b1o2 + b103 + bioa,

bios = (bios — biooe™*17)/b1g ,b107 = bioo + b1os,

bigs = big + Eb1oe yb10g = bao — Ebjor,

bijo = —b1o + Ebgyg ybi1y = b1y + Ebss,

bi12 = big + Ebgg ,b113 = bigbios + bizbiog + Pbiio — Scbiii,

bi114 = 2E[Pbgs + Scbar + bigbss + bi7bsg] ,b115 = E[bagbgo + bagbo1 + baobea],
b116 = E[bszqu + baabog + b36b95] ybr17 = b113 + br1g + b115 + 16,

bris = bygbioge t'e +by7b100€%017 +Pbyyoe5F — S byy 5% ,bi1g = 2E[Pbgge?’ "+
Scbare255 + bygbage?U1® + by7bgee?S017],

bi2o = E[bagbgoe’? +b28b916‘%’“+bsobgzes"’“] ,b121 = E[bazbeaeS92 +b3gbgqe94+
bagbose ]

bigz = bi1a + b119 + bi20 + bi121 ,b123 = PE(bsg — 2b16b3s — 2by7ba0 —
2Pb41)9 )

bi2a = P(b3—2ES.baz— Ebagbss+ Ebagbys) ,bias = PE(b3absr+b3sbas+bagbag—
baobas),

bioe = biaz + biag + bi125 ,big7 = P(bs + Ebsg)e’’,

b128 2[b16b'¥8('29bm+b17b40€2 Sbl7+Pb 62PS+S 643"29g ] ,b199 = bgsb44€Sb25b23b456$b25+
baobaseS°,

biso = byabare®?? + bysbageSU + bygbsoe o ,biz1 = b1og + bi29 — bi30,

b3z = big7 — PEb1a ,bi33 = Scbg1 — Pbsa + 2Eb 6bg3,

by3a = 2Eb17b64+2E Pbgs +2E S bes ,b135 = E(bogber—Dbasbss+b3obss),
biss = E(baabro + baabry + baghra) ybizr = biaz + b13s + bizs — bize,
biss = S. bgl(’sq“—PbuQ( pq-}-ZEl)lgl)s;;e?gbm b139 = ZE(b17b64€2%”+Pb65f’2ps+
S 66662” ), b4 = E(bagbgre®2 — bzabese%“-f-baobsge%’“) ,b1a1 = E(bsabroe®®2+

bygbr €593 + bygbraeSt0),
brag = byzs + bizo + brgo — bray
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