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Correction of the Diffusion Equation
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A test problem is investigated and indicate that the conventional foundation of Fick’s
law and the resulting diffusion equation admit mass transfer at relatively high velocity.
This contradicts nature and two independent corrections are made:

1. The front beyond which matier cannot reach; advances with a characteristic speed
dependent on the diffusing substance and the medium;

2. Relativistic type correction in which time dilation and length contraction is taken
in consideration.

In both cases solutions are obtained and discussed.
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1. Statement of the problem

Consider the one dimensional diffusion field defined by O < x < oo initially free from
the diffusing substance i.e. C'(0,z) = 0 at the instant ¢ = 0, a steady concentration
C(t,0) = Cy is applied at = 0. Accordingly, the concentration function C(¢,x)
will be the solution of the one dimensional diffusion equation [1]

oC 0*C
o = Poe M

subject to the prescribed initial and boundary condition. This problem admits
solution by similarity [2]

Clx,t)=C (77 = Qjﬁ) ;
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integrating from 7 =0 (z =0) to g

C=0C,+kerf(n), k=-—",att=0(n

S

implies - -
0= Cy + kerf(co)  therefore k =

giving

Cla,t) = Cy {1 —erf <2\;th) .

Now consider small time e together with a large distanc
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) p_dn’
=00) C =0,
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e %, therefore
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Cl—,e)=Cy|l— erf >0,
(6 6) O{ . (26\/D6>_

indicating matter moves with average velocity }2 which can be very large and con-

tradicts nature, whence corrections must be made.

2. First correction (front advance)

We assume in this problem that matter cannot reach beyond a front which advances
in the direction of diffusion. Suitable assumption about the concentration and its
gradient at this front must be made. Accordingly, Fick’s law must be written as

— the flux density ¢ = —D‘Z—Su(x(t) — x) where u the unit step function shown in
Figure 1, the diffusion equation (1) will be:
oC 0*C
E:DWU(X@)_@’ 0<z<oo, t>0,
c(0,t) =Cy, C(z,0)=0.

To solve this problem we take the Laplace transform on time and the Fourier sine
transform on z [3]. The transformed function C will satisfy

Dw F(s,w)

é =
s(s +Dw?) s+ Dw?’
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Figure 1

where

- oC .

F(s,w)=D B o sin (wx(t)) — wC|, ) cos (wx(t)) | -

X
Inverting transforms gives
C(x,t) x 2 [ | Flws) .
=1—ef|— —|—7/ L~ ——L sin(wz)dw = partl + part2.
Co (2\/Dt> 7 Jo s+ w2D (wz) P P
Part 2 admits convolution integral as:
ac

e3¢} t
ED / / ewaz(tfr)
™ 0o Jo

at this stage two possibilities are investigated simultaneously

ac _
) % x(®) 0,

29| sy S(wx(7))
—WC|X(T) cos(wx(7))

2) x(t) = v(t), v being a physical constant.
Equation (3) reduces to

2 [ et [T pw?
—=D wsinwze Pt [ &P O cos(wyT)drdw .
™ Jo 0

The inner integral can be evaluated by parts as

t 2 t t 2 dC
C’|Vt/ ePY"T coswut 7/ [/ ePw TCOSa}I/TdT:| —
0 o LJo dr

it is easily to show that

dt,

vt

e

dc , ac
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vT vt

and the inner integral reduces to

Duw?t [Dw2 cos wrt + wv sin wut] — Dw?

w? (D2w? + 1?)
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Accordingly, part 2 reduces to

0o —Dw?t, | o d
il C’| o't 1nh5x+/ c 5 wﬁilwzx w]
0 w?+(5)
giving
C(z,t) ( x ) C| 2, .V 2 [ e DYty sinwadw
—=l-erf| —— |+ 24 eDtsmh—x—F—/
Co 2v/Dt Co D™ 7wy w2+ (%)2
This relation gives for (z = vt), ¢
C erf( ﬁ)
‘yt _ 2 (4)
- v2 w2t g
Co 1—eﬁtsinh%t7;f0 e Pwtwsin grde 2“’3“‘5’”‘”
w+(5)

therefore

o (o) (- ()

ﬁt N 2 o0 e—Dw2t . d
T e A
]_—eD Slnth_,OOOM—Sim;m ’
4 (8)

Solutions (4), (5) can be investigated carefully after evaluating the integral in-
volved, however we point out that solution (4) shows

e At t =0 the front is at x = 0 will
Cy 1

Co 1= 12050 (correct;)

e at t — oo the front — oo

0
0= p— (correct.)

The integral

e~ D’ sin wa 1 [ e PginvQu
—  dw == — 0.
w? +52 2 0 Q+62

Then

1 —Digin Qu 1 [

- dQ = 6% — = D in VQadQ) .
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Let

J= / e P sin VQuzd,
0
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gives
aJ 0%J

The solution is

and

by parts, we obtain

D xT 1 .2 xT > 3 _ ﬁt =2
I=—lef| —— ——efti/ " 2e (% +4D*)dt] .
202 { (2@) v 2VD J;
Since %t = f—;t at t = o the integral

/wt—%e‘(%”%)dt
t

is approximated by

30 3 22 x5 v2
/ t*ée*mdw/ t"2e"Dldt.
t Zx_
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For

Q

2 22 2vD (3D 2vD
I = / t~Re Dt dt = — / TT2e Tdr &~ " In (x) .
t 22 z 2/t

For

Let

The integral

=0 if I'=1
I=<¢ >0 if I'>1
<0 if I'<1l
Substituting in (4)
vt
Clu . 1 —erf<2m>

C 2y s v? 2 D v 2 1
0 1—eDt81nh5t—;W [erf(z\/tht)—eDt(l—Flni)}
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Substituting in (5)

- nliin) ()

e% nh’berf— [erf(

202

1—e%Btsinh %t — %2% [erf(

The bracket

vt v2 1 V2t 2 1
erf [ —= | —eD? 1+ln>; a? = — =erf(a) — 2 <1—|—ln).
(2\/Dt> < 2 D () 2

The bracket is positive if e=2% erf(a) > 1+ Ini and is negative if em20” erf(ar) <
1+In3 and if e™29% erf(r) = 0.307 gives ag = ”jjto = 0.38227. Consequently, it is
) and

essential that the denominator is negative and % will be < 1—erf (2 =

it is not necessary for x to reach oo that C' — 0.

3. Second correction

Relativistic proper time and space if the frame z,t of the equation

oC 0?C

— =D=—,

ot Ox?
are the proper time and position, then in the stationary frame the equation should
read

=D— 2

ot Ox?
Lorentz transformation [4]. If C'is observed in the neighborhood of a typical particle
(the neighborhood size is determined by the mean free path) then x,t are related
by

aC _92C < u2>3

4_,4
dt  dx’
where v, is the velocity of the particle and in this neighborhood
3
dC’ d*C v\ 2
=D—(1-—= , 8
Yz dx? ( 02> ®)

the moving particle has the equation of motion (free diffusion)

d
mud—y = —6mpar, Stoke’s law [5].
x

Here, m is mass of particle, a — diameter of particle (considered spherical), u is
viscosity of medium which gives

6mra

(x — x0) . (9)

vV =1Vy—
m
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equation (1) can be written in the form

_ dcC
Let p = =,
@_ m vdv
" 6rpaD p2\ 3
P HOEE(1- %)
integrate
2 1 1
L= g 1 S
2 v,
then
me? 1 1
P~ po I—Q&TGD = — =1 |-
P i-s -4

retaining only the first binomial expansion. But
dC  dC6rmpa

dr ~  dv m
therefore
me me? v— 1y
Clv)-C = —(v — 2 —(y—
(v) (vo) =po | —(v V(])67wa (Gra)2D v (v — o)
e
and
C(z) = C(zo)—
Ipol § (z — o) 1+26;’L% ;Vg—l
1=z
Test problem z¢ =0, C(zp) =1
Clz)=1—|pol(zx) { |1+2 me” L 1 (10)
= POl 6mpaD -

Two physical constraints on C exist namely; C > 0, C < 1, indicating x4, for

C' = 0 such that
1
(11)

Tmazx =

2mc?

|p0| 1+ 6mpaD L2
-4

It is clear that if %2 correction is neglected  — oo, otherwise we have a finite 2,42
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4. Example

Fine carbon particles from rocket exhaust in ambient air [6]. ¢ = 107¢ m, m =
12x1.67x1072" kg, D = 0.52x 1075 m? /s, p = 2.57x107° kgs/m?, ¢ = 3x 108 m/s,
vp = 10* m/s (escape velocity).
1 1
Tmaz = = .
|po| x 1.25 x 102
‘pO‘ 1+ 2mc? 1 —1

6mpaD 2

__0
1-29

The dust will spread a distance 1000 m, if |pg| = 0.08.

|0ol+>15

X,

m

ax1<Xmax2

Figure 2

Fig. 2 shows that if |pg| increases then ,,,, decreases.

5. Conclusions

In the two suggested corrections we succeeded in finding x4, Where it is not nec-
essary for x to reach oo that C' should tend to zero. It might be argued that the
relativistic correction may not be acceptable since actual velocities in diffusion are
far below speed of light. However we point out that from the qualitative point of
view the relativistic correction proved possible. The front corrections adds to the
problem of diffusion another physical constant i.e. the front speed v which will
depend on both the medium and the diffusing substance and must be determined
together with the diffusion constant D.
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