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The mode of two-dimensional equations of generalized thermo-elasticity with one relax-
ation time under the effect of rotation is studied using the theory of thermo-elasticity
recently proposed by Lord-Shulman. The normal mode analysis is used to obtain the
exact expressions for the temperature distributions, the displacement components and
thermal stresses. The resulting formulation is applied to two different concrete prob-
lems. The first concerns to the case of a heated punch moving across the surface of
a semi-infinite thermo-elastic half-space subjected to appropriate boundary conditions.
The second deals with a thick plate subjected to a time-dependent heat source on each
face. Numerical results are given and illustrated graphically for each problem. Compar-
isons are made with the results predicted by the coupled theory and with the theory of
generalized thermo-elasticity with one relaxation time in the absence of rotation.
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1. Introduction

During the second half of the twentieth century, non-isothermal problems in the the-
ory of elasticity have become increasingly important due to their many applications
in widely diverse fields. The high velocities of modern aircraft give rise to aerody-
namic heating, which produces intense thermal stresses, reducing the strength of
the aircraft structure. In the technology of modern propulsive systems, such as jet
and rocket engines, the high temperatures, associated with combustion processes
are the origins of severe thermal stresses. Similar phenomena are encountered in
the technologies of space vehicles and missiles and in the mechanics of large steam
turbines and even in shipbuilding, where, strangely enough, ship factories are often
attributed to thermal stresses of moderate intensities [1].

The classical uncoupled theory of thermo-elasticity predicts two phenomena not
compatible with physical observations. First, the equation of heat conduction of this
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theory does not contain any elastic terms, contrary to the fact that elastic changes
produce heat effects. Second, the heat equation is of a parabolic type, predicting
infinite speeds of propagation for heat waves.

Biot [2] introduced the theory of coupled thermo-elasticity to overcome the first
shortcoming. The governing equations for this theory are coupled, eliminating the
first paradox of the classical theory. However, both theories share the second short-
coming since the heat equation for the coupled theory is also parabolic.

Two generalizations to the coupled theory were introduced. The first is due to
Lord and Shulman [3], who obtained a wave-type heat equation by postulating a
new law of heat conduction to replace the classical Fourier’s law. This new law
contains the heat flux vector as well as its time derivative. It also contains a new
constant that acts as a relaxation time. Since the heat equation of this theory is
of the wave type , it automatically ensures finite speeds of propagation for heat
and elastic waves. The remaining governing equations for this theory, namely, the
equations of motions and constitutive relations, remain the same as those for the
coupled and the uncoupled theories. This theory was extended by Dhaliwal and
Sherief [4] to generalize an isotropic media in the presence of heat sources. Sherief
and Dhaliwal [5] solved a thermal shock problem, and Sherief [6] solved a spherically
symmetric problem with a point source. Both of these problems are valid for short
times. Recently, Sherief and Ezzat [7] obtained the fundamental solution for this
theory that is valid for all times.

The second generalization to the coupled theory of thermo-elasticity is what is
known as the theory of thermo-elasticity with two relaxation times or the theory of
temperature-rate-dependent thermo-elasticity. Miiller [8], in review of the thermo-
dynamics of thermo-elastic solids, proposed an entropy production inequality, with
the help of which he considered restrictions on a class of constitutive equations.

A generalization of this inequality was proposed by Green and Laws [9]. Green
and Lindsay [10] obtained an explicit version of the constitutive equations. These
equations were also obtained independently by Suhubi [11]. The theory contains two
constants that act as relaxation times and modifies all the equations of the coupled
theory, not only the heat equation. The classical Fourier’s law of heat conduction
is not violated if the medium under consideration has a center of symmetry. Erbay
and Suhubi [12] studied wave propagation in finite cylinders. Ignaczak [13] studied
a strong discontinuity wave and obtained a decomposition theorem of this theory
[14]. Dhaliwal and Rokne solved a thermal shock problem in [15]. Ezzat [16]
also obtained the fundamental solution for cylindrical region. Othman [17] studied
the dependence of the modulus of elasticity on the reference temperature in two-
dimensional generalized thermo-elasticity with one relaxation time.

The main objective of this work is to investigate the effect of rotation on the
temperature, displacement components and stresses with one relaxation time. The
resulting formulation is applied to two concrete problems. The exact expressions
for temperature distribution, displacement components and thermal stresses are
obtained for each problem.
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2. Formulation of the problem

We shall consider an infinite isotropic, homogeneous, thermally conducting elastic
medium. The medium is rotating uniformly with an angular velocity @ = Qn,
where n is a unit vector representing the direction of the axis of rotation. The dis-
placement equation of motion in the rotating frame of reference has two additional
terms [18]:

(i) Centripetal acceleration A (2 A ) due to the time-varying motion only;
(ii) The Coriolis acceleration 2 A .

Here, u is the dynamic displacement vector measured from a steady state de-
formed position and supposed to be small. These two terms do not appear in the
equations for non-rotating media.

The fundamental equations of the generalized thermo-elasticity are:

e The constitutive law for the theory of generalized thermo-elasticity
O35 = )\65@' + 2/148”' - (T - T()) 57,']' y (1)
e The heat conduction equation

kT,ii:pCE (T+TT)+’)/TO (€+T€) R (2)

e The strain-displacement constitutive relations

1
gij =5 (uij +uji) and g = e =u;;. (3)

The equations of motion, in the absence of body forces, are
0ij = plis + {QA(QAu)}; + (22 A )] . (4)

where all the terms have the same significance as in [3].
Combining Eqgs. (1), (3) and (3), we obtain the displacement equation of motion
in the rotating frame of reference as

pli+{QA QAW+ (2QAW)] = AN+ p)V(V.u) + uV2u —yVT. (5)
From Egs. (1) and (3) the stress components are given by
Ope = Ae+2pu , — (T — 1),
Oyy = Xe+2uvy —y(T —Tp),
Ony = p(uy +04),
02 =Ae—(T —Tp).
From Eq. (4)

0%u Oe
p 2 Q“u v ( +,u) + uVou — vy =
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0%v Oe
— = QPu+200| = (A4 p)— +pViv —y— 11
P o v+200| = ( +“)ay+“ U=, (11)

Now we introduce the following non-dimensional variables:
(T - To)
T} = comox;, up = conoui, t = anot, T= 037707/7 0= W )

g 0
ol =21 o = . (12)

Y Co"o

where the dashed quantities denote the dimensional variables.
In order to examine the effect of rotation and relaxation time on coupled elastic
dilatational, shear and thermal waves, we get

Q: (07079)3

u= (u(x,y,t% v(x,y,t), 0) )

where () is a constant and

€=Uzt Uy Eoy =g (Uy +v2) oy =€y, =€z, =0. (13)

In terms of the non-dimensional quantities defined in Eq. (11), the above governing
equations reduce to (dropping the dashes for convenience)

0%u de 00
2 |CU 5o S — 2 _ 1\ YC 2, 32~
Ié; {&2 Q%u 2Qv] (8 1)333 +Veu—-p 5 (14)
0% Oe 00
2 |07V 52 Sl (g2 _ 1\ 9¢ 2 200
I} [8162 Qv + ZQu} (8 1)8y +Vv—-p oy (15)
00 020 Oe 0?%e
29 _ [ 9V vv i Z°
VG—(at+78t2)+5(at+78t2). (16)
and the components of the stress are
Ope = 2U 4, + (ﬁ2 - 2) e— (%0, (17)
oy = (% —2)e +2v,, — %0, (18)
Ogy = u,y + Vo, (19)
0., = (3% —2)e—3%0. (20)

Differentiating Eq. (13) with respect to x, and Eq. (14) with respect to y, then
adding, we arrive at
0? a¢

Vi + 0 e=V20+202>. 21

{ oz * ] ‘ TR 1)
Differentiating Eq. (13) with respect to y, and Eq. (14) with respect to z, then
subtracting, we arrive at

82

2 2 2 _ 2%
[v —ﬁW—Q)}C_ 208° 5 . (22)
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2 2 . . . .
where V2 = % + 6872 is Laplace’s operator in a two-dimensional space and

ou Ov
— it 2
¢ dy O (23)

3. Normal mode analysis

Equations (15), (20) and (21) are simplified in the usual manner by decomposing
the solution of normal modes so that

[u, v, e, ¢, 0, Uij] (z,y,t) = [U*(y)ﬂ v (y), €"(y), ¢*(v), 0" (v), O—z*g(yﬂ exp(wt+iax).
(24)
where w is the (complex) time constant, i = /—1, a is the wave number in the
z-direction and u*(y), v*(y), e*(y), ¢*(y), 0" (y) and 07;(y) are the amplitude of the
functions.
Egs. (15), (20) and (21) after using Eq. (22) take the form

[D? = a® —w(l 4 7w)] 6°(y) = cw(l + 7w)e" (y) , (25)
[D? = a? —w? + Q% e (y) = (D? — a®)0" (y) + 20w(", (26)
[D? —a® - 5°(w* = 9%)] (" (y) = —26°wQe”. (27)

where D = 6%.
Eliminating 6*(y) and (*(y) between Eqgs. (23)—(25), we get the following sixth-
order partial differential equation satisfied by e*(y)

(D6 —ayD*+ asD? — ag) e*(y) =0. (28)
where,

a1 = 3a* + by, (29)
ay = 3a* + 2a%by + by, (30)
as = a® + a*by + a®by + b3, (31)
by = (8% + Dws + (e + Dwr (32)
by = [Pwa(wy + wy + ewr) + wiwy + 4?2?32, (33)
by = [Pwi (w3 + 4w?Q?), (34)
wi =w(l+71w), wy=w?—0%. (35)

Equation (26) can be factorized as
(D>~ ) (D° 1) (D* — k) () = 0. 30

where k;, 7 =1,2,3 are the roots of the following characteristic equation

k6—a1k4+a2k2—a320. (37)
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The solution of Eq. (34) is given by:

where €7 (y) is the solution of the equation

(D* -k ej(y) =0  j=1,2,3. (39)
The solution of Eq. (37), which is bounded as y — oo, is given by

¢i(y) = Ry(a.w)e ™y, (40)

Substituting from Eq.(38) into the Eq. (36), we obtain:

3
e*(y) =Y Rj(a,w)e V. (41)
j=1
In a similar manner, we get
3
0" (y) = Y Rja,w)e Y, (42)
j=1
3
C(y) =Y Ri(a,w)e ™. (43)
j=1

where Rj(a,w), R}(a,w), and R}(a,w) are parameters depending on a and w.
Substituting from Eqs. (39)-(41) into Eqgs. (23) and (25), we obtain

EWq .

Ri(a,w) = ij(a’W)’ J=12,3, (44)
—2wQ3? )

R;/(G,W) = mRJ(G,OJ) ] = 1,2,3. (45)

Substituting from Eqs. (42) and (43) into Egs. (40) and (41), respectively, we
obtain

3
. ew ke
0" (y) = ij(a7w)e kY, (46)
j=1"79 !
3
. —2w ) 3? _
C(y) = Z 2 e P, Rj(a,w)e Y (47)
i=1 "

Since,
e* =iau* + Dv*, (48)

¢* = Du* —iav*. (49)
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In order to obtain the amplitude of displacement components u* and v*, which
are bounded as y — oo, from Egs. (39), (41), (46) and (47) we can obtain

3
. 1 , 2wQﬂzk :
u*(y) = Z R [za + T R;(a,w)e v, (50)
=1 "
3 .
. 1 2iaw3> ke
OEEDY k2 — 2 [kﬂ' TR~ By Rj(a,w)e Y. (51)
=1 " j

In terms of Eq. (22), substituting from Eqgs. (39), (44), (45), (48) and (49) into
Eqgs. (16)—(19), respectively, we obtain the stress components in the form

2a2 cwy 32
* — 2 _ 2 _ _
Oz (y) Z { [ﬁ k-? — a2 kJQ — a2 — w1

Jj=1
_ 4awQ3%k; kg
. 3 2
M= —a =g [T (52
- ) 23: —diawQ B2k, NP 2k?
P — _ i
wy\Y = (k‘j2 — a2)[kj2- —a? — (Pws] kJQ —a?
Ewlﬁz _k
k2—a2—w1}RJe Y (53)
3 2/1.2 .
20052 (k7 + a?) 2iak; Ky
o~ kj 4
; { —a?) k:2 — a2 — B2y + (k72 —a?) Rje ) (54)
> cwi 32
* — 2_9_ P ek
Uzz(y) ; {ﬁ kJQ — a2 — R_]e (55)

The normal mode analysis is, in fact, to look for the solution in Fourier transformed
domain. This assumes that all the field quantities are sufficiently smooth on the
real line such that the normal mode analysis of these functions exist.

4. Applications

4.1. Problem I: A time-dependent heat punch across the surface of
semi-infinite thermo-elastic half space [19]

We consider a homogeneous isotropic thermo-elastic solid occupying the region
G given by

G={(z,y,2)| -0 <zr<oc0, 0>y, —-0<z<o0}.

The constants R;, Ry and R3 have to be chosen such that the boundary conditions
on the surface y = 0 take the form

O(z,y,t) =n(x,t) on y=0, (56)
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Jyy(m7y7t) :P(xat) y:0, (57)
O'wy(xayat) =0 on Yy= 07 (58)

where n, P are given functions of z and ¢.
Egs. (56)—(58) in the normal mode form together with Egs. (46), (53) and (54)
respectively, give

LRy + LyRy + LsR3 = n*(a,w), (59)
MRy + MRy + M3Ls = P*(a,w), (60)
NiRy + NoRo + N3R3 = 0. (61)

Egs. (59)—(61) can be solved for the three unknowns R;, Re and Rs one obtains

1 .
Ry = 5 (A +208) + 100 = Mds)] (62)

1 .
Ry = A [(AsA1 + Asl2) +i(AA1 — A3A0)] (63)

1 .
R3 = A [(AsA1 + A6Az) +i(AsA1 — A5A2)] (64)
LJ:%7 J:1,2,3, (65)

J
oj=[kf —a®—w], B=[k-a’-Fuw], j=123 (60
Mj = (ojn — i), J=1,2,3, (67)
Nj = (aj2 +iBj2) » j=1,2,3, (68)
2k?2 cw1 B2
o 2 J _ 1 | =
aj = |8 2+k?_a2 o | IS (69)
4awQBk; .
o SawdiPTR; =1,2

ﬁjl (kf*(]g)/@j ) J ) 737 (70)

2w952(kj2- +a?)
o :—7 .:172?3 71
O ) J (71)

2ak; .
ba=pg_g =123 (72)

A1 = n"(az1a32 + 21032 — az1a22 — B31522) — P*(Laagza — Lyaaa), (73)
A2 = n" (21832 — as32f21 + @231 — az1P22) — P*(L2fz2 — L3f22), (74)
A3 = P*(Liazy — Lzaz) — n*(anase + f11832 — aziais — B31012), (75)
Ay = P*(L1f32 — Lafi2) — n*(a11B32 — az2fB11 + 1231 — az1Bi2) (76)
As = n”(a11q02 + fr1f2e — ag1a1z — B21512) — P*(Liags — Laaua), (77)

) (78)

X6 = n* (11 P22 — a22f11 — a1 B12 + a12021) — P*(L1 S22 — Laf12) ,

)
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A = Iy (CV210¢32 + ﬂ21ﬂ32 — (3122 — 531522) - L2(0411Oé32 - 511532
—agra12 — B31012) + Ly(c1aoa + B11822 — as1aia — Ba1612), (79)

Ay = Ly (021032 — ag2021 + @22031 — 31 022) — La(a11832 — 32511
+aq2031 — az1012) + La(a11 822 + asafB11 — ao1P12 + a12021), (80)

A=A+ A% (81)

Problem II: A plate subjected to time-dependent heat sources on
both sides [20]

We shall consider a homogeneous isotropic thermo-elastic infinite conductivity thick
flat plate of a finite thickness 2L occupying the region G* given by:

G ={(z,y,2) | — o <zr<oo, —-L<y<L, —oc0<z<ox}

with the middle surface of the plate coinciding with the plane y = 0.
The boundary conditions of the problem are taken as:

(i)

The thermal boundary condition
qn + holo =r(x,t) on y==£L, (82)

where ¢, denotes the normal component of the heat flux vector, hg is Biot’s
number and r(z,t) represents the intensity of the applied heat sources. We
now make use of the generalized Fourier’s law of heat conduction in the non-
dimensional form, namely,

dq, 00
T = o (83)
Eq. (83) in the normal mode form
. 1 06
“E T on (®4)
Combining Eqs. (46), (83) and (84) we arrive at
S1R1 + SoRy + S3R3 = (1 + Tu))T‘* . (85)

The normal and tangential stress components are zero on both surfaces of the
plate; thus,
oyy =0 on y==L, (86)

Ozy =0 on =4L. 87
y Y

Equations (86) and (87) in the normal mode form together with Egs. (53) and
(55) respectively give:

MRy COSh(k‘lL) + MsRo COSh(k‘gL) + MsRs3 COSh(k‘3L) =0, (88)
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N1R1 SiIlh(le) + N2R2 Sll’lh(kgL) + N3R3 Sth(k3L) =0. (89)
Equations (85), (88) and (89) can be solved for the three unknowns R, Rs
and Rs.

R —QETO™ A AL 4 i(AsBs — AAL)] L (90)

LT A cosh(ky ) (728 T AR 8A3 — A7A4)|,

14 Tw)r* .
Ry = _A(*cosh(lilL) [(AoAsz + A10As) +i(A10A5 — AoA4)] . (91)
14 7w)r* .
Rs = A(*cosh(lzll;) [(A1A3 + A2Ayg) +i(A12A3 — A1Ag)],  (92)
where
S; = =2 [k, sinh(k;L) + ho(1 + rw) cosh(k; L)), j=1,2,3,  (93)

j
A7 = (21032 + [o1032) tanh(ks L) — (az1n + f31022) tanh(ko L), (94)
g = (21332 — azpfo1) tanh(ksL) — (3122 — co2/331) tanh(ko L),  (95)

P [kSOéQQ . k20£32:| " nh(kg )tanh(kgL)
Qa3 Q9
+ho(1 + Tw) [082 tanh(ksL) — @22 tanh(kzL)] ) (96)
(6] e}
Ao = {k‘"’ﬂ” - "72532} tanh(ky L) tanh (k3 L)
as a2
53 522
+ho(l 4+ 7w) | — tanh(ksL) — —= tanh(kg )| (97)

k
At = 222 fanh(ks L) — 293 tanh(ko L) +ho (1 + Tw) (0‘31 - 0‘21) , (98)
€%} Q2 Q2 [e%

Mo = PP b (ko) — ?ﬁ?l tanh(ksL) +ho (1 + ) (222 — B1) | (g9)
(o) aq Qo
A1
AB = ;1 [_kl tal’lh(kle) + ho(l + Tu})] — 0411)\3 + 0&12)\5 tanh(le)
—B11As — BiaAs tanh(ki L), (100)
A2
Ay = ;1 [—k'1 tanh(le) + ho(l + Tw)] — 114 + 126 tanh(kle)
—B11A3 — P25 tanh(k1 L) (101)

A* = A2+ A2 (102)
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Figure 1 Temperature distribution 6 for y = 6 of Problem I
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Figure 2 Displacement distribution u for y = 6 of Problem I

5. Numerical results

The copper material was chosen for the purpose of numerical evaluations. Since
we have w = wy + i¢, where ¢ is imaginary unit, e“* = e“°!(cos(t + isin(t) and
for small values of time, we can take w = wy (real). The numerical constants of
the problems were taken as: ¢ = 0.0168, 8 = 3.5, p = 8954, 7 = 0.05, n* = 100,
P* =10, hg =50, r* =10, a = 0.5, w = 0.5. The computations were carried out for
a value of time ¢ = 0.3. The numerical technique, outlined above, was used for the
real part of the thermal temperature 6 distribution, the displacement distribution
u and the stress distribution o, for each problem, for problem I on the plane y = 6
and for problem IT on plane y = 2, where L = 4 and on the middle plane y = 0 for
two different values of 2 = 0 and 2 = 0.01. The results are shown in Figs. 1-9.
The graph shows the four curves predicted by different theories of thermo-
elasticity. In these figures, the solid lines represent the solution corresponding to
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Figure 3 The distribution of stress components o, for y = 6 of Problem I
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Figure 4 Temperature distribution 6 on the surface for the Problem II

using the Coupled theory (CD) of heat conduction (7 = 0) the dashed lines repre-
sent the solution for Lord-Shulman’s theory (7 = 0.05). It can be seen from these
figures that the rotation acts to decrease the magnitude of the real part of the
temperature, displacement and the stress component.

We notice also, that results for the temperature, the components of displacement
and stress distributions when the relaxation time is appeared in the heat equation
are distinctly different from those the relaxation time is not mentioned in the heat
equation. This due to the fact that thermal waves in the Fourier theory of heat
equation travel with an infinite speed of propagation as opposed to finite speed in
the non-Fourier case. This demonstrates clearly the difference between the coupled
and the generalized theories of thermo-elasticity.
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Figure 5 Temperature distribution 6 on the middle plane for the Problem II
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Figure 6 The horizontal displacement distribution w on the surface for the Problem I
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Figure 7 The horizontal displacement distribution u on the surface for the Problem II
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Generalized L-S ——-—-
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Figure 8 Stress distribution 0,4 on the surface for the Problem I
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Figure 9 Stress distribution o4z on the middle plane for the Problem II

6. Concluding remarks

Due to the complicated nature of the governing equations for generalized thermo-
elasticity, with thermal relaxation, few attempts have been made to solve problems
in this field [21]; these attempts utilized an approximate method that is valid only
for a specific range of some parameters.

In this work the method of normal mode analysis is introduced in the field of
thermo-elasticity and applied to two specific problems in which the temperature,
displacement and stress are coupled. This method gives exact solutions without
any assumed restrictions on temperature, displacement and stress distributions.

The normal mode analysis is applied to a wide range of problems in different
branches [17, 22]. Tt can be applied to boundary-layer problems, which are described

by the linearized Navier-Stokes equations in hydrodynamic [23, 25].
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Nomenclature

A,
P
Cg
t

Lame’s constants

density

specific heat at constant strain
time

absolute temperature

reference temperature chosen so that: ‘

components of stress tensor
components of strain tensor
components of displacement vector
the rotation

thermal conductivity
A2p
P
\/% velocity of transverse waves

o
=X%)

2
€35
one relaxation time

(%) + (%Z), the dilatation

coefficient of linear thermal expansion
(BN 4+ 2u) oy

V2To/pCr (A +2p)

pCE/k

T-T,
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