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The aim of this paper is to present an algorithm for the determination of co-ordinates
of inertia tensors of manipulator links and objects manipulated, which employs homo-
geneous transformations. A division of a manipulator link (an object manipulated) and
local systems of reference, which correspond to this division, have been introduced. An
introduction of additional local systems of reference allows for their most advantageous
orientation in order to calculate the co-ordinates of inertia tensors of parts and elements,
whose forms and shapes often cause serious problems during the calculation of inertia
tensors with the traditional method. In order to transform geometrical dimensions of
solid bodies and moments of inertia, an application of matrices of homogenous trans-
formations, typical of the description of manipulator kinematics, has been suggested.
Owing to the employment of homogenous transformations and their mappings, the pro-
posed algorithm makes the determination of co-ordinates of inertia tensors much easier,
especially in the case their shape is complex.
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1. Introduction

If a rigid solid body that rotates around a fixed axis of rotation is considered, then
the notion of a moment of inertia is used. For a rigid body that performs a spatial
motion, the notion of a tensor of inertia is introduced as a scalar generalisation of
the moment of inertia. Among fundamental properties of inertia tensors of solids,
one can mention their dependence on the position and orientation of the system
of reference with respect to which the tensor of inertia is defined. A classical way
of the determination of inertia tensor parameters of the solid body, in the case of
manipulators - usually of a link or an object manipulated, consists in the calcu-
lation of its co-ordinates with respect to the local system of reference of the solid
that is fixed it the solid centre of gravity [1, 4, 6, 7, 11]. This procedure results
from the notation of generally accepted equations of manipulator dynamics. In the
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developed algorithm for the determination of inertia tensor parameters, a method
that introduces a subdivision of the manipulator link (manipulated object) and lo-
cal systems of reference is proposed. The link (manipulated object) is structurally
divided into elements, and they in turn, are composed of parts. This division is
each time determined by the design structure of the manipulator link or the ma-
nipulated object under consideration. This method enables the determination of
the co-ordinates of inertia tensors of links (manipulated objects), the elements and
parts that are specified in them, with respect to local systems of reference that are
arbitrarily orientated in space. These systems of reference have their beginnings in
the centres of gravity of respective elements and parts of the link (object). In order
to transform the geometrical dimensions of solids and their moments of inertia, a
usage of matrices of homogeneous transformations is suggested [5, 2, 4, 10]. The
proposed algorithm simplifies significantly the determination of the co-ordinates of
inertia tensors of the link and the manipulated object, especially when their shape is
complex. Matrices of homogeneous transformations, well known in the manipulator
kinematics, are employed here. An exemplary analysis of the parameters of inertia
tensors of links and a manipulated object is presented.

2. Structural division of manipulator links. Local systems of reference
of links

Let us consider an arbitrary link i of the manipulator, which we subdivide into
ji elements, Fig. 1. Forms and number of elements depend on the design of the
link under consideration. In turn, each element has individual parts, which are for
instance housings of bearings, bearing journals, drive transfer elements or gripping
device elements. We assume that the volumes of the parts of the bearing systems
and drive transfer systems connected with the link for both the kinematic pairs and
the link body, as well as respective material properties, are known. Let us specify
elements k, r, l from the total number of elements ji of the link i, where p denotes
any element of the link i, r refers to the element of the link i that includes the
local system of reference of the link i, and l stands for the element of the link i
that includes the local system of reference of the link i − 1/i + 1. Further, let us
assume thus that each element of the link i has in turn the specified parts qk, qr, ql,
correspondingly. In general, any p element of the link i has specified parts qp.
The system of co-ordinates xryrzr0r is the local system of reference of the element
r, which includes the local system of reference xiyizi0i at the same time.
In Fig. 1: Li - vector defining the distance of centres of local systems of reference
of the link i and i + 1/i − 1 along the straight line that connects them; αi, βi -
design data of the link (geometrical distance of the point 0p from the element of
the link body); V i

p - sum of volumes of specified parts of the p-th link element;
cr, ck, cl - positions of resultants of centres of gravity of the elements r, k, l,
respectively. These points are resultant positions of centres of gravity of bearing
systems and systems of drive transfer related to the link; 0r, 0l - centres of local
systems of reference of the link i and i + 1/i − 1; Si - position of the link centre
of gravity. Let us introduce additional local systems of reference for elements k
and l, respectively. The systems of co-ordinates xkykzk0k and xlylzl0l are local
systems of reference of the k-th and l-th element of the link i, correspondingly.
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Figure 1 Structural division of the i-th link of the manipulator

The most advantageous way of the selection of local systems of link elements is
such when one axis of each system lies on the straight line that connects centres
of these systems. The local system of the link body should be selected in the half-
length of Li (the straight line that connects 0r0l). Furthermore, it is advantageous
to assume local systems of reference of individual elements of the link in such a
way that they have respective axes parallel and senses consistent with each other.
The element that includes the local system of reference of the link has also a local
system of reference with its beginning fixed in the centre of the local system of
reference of this link. A selection of local systems of reference of individual parts
and elements of the link is determined by the most advantageous determination
of corresponding tensors of inertia (determination of geometrical dimensions and
limits of integration). Employing matrix of rotation (17), we can transform the
geometrical dimensions and the limits of integration (Section 6) between the local
systems of reference of parts and elements and the system of co-ordinates of the
link i.

The position of the resultant centre of gravity of the p-th element has been
described by the vector:

ri
cp = [rx

cp, r
y
cp, r

z
cp]

T (1)

in the local system of reference of the p-th element of the link i. The positions of
resultant centres of gravity of the elements r, k, l are described by the following
vectors:

ri
cr = [rx

cr, r
y
cr, r

z
cr]

T , ri
ck = [rx

ck, ry
ck, rz

ck]T , ri
cl = [rx

cl, r
y
cl, r

z
cl]

T (2)

in the corresponding local systems of reference of these elements.
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Generally, the position of the centre of gravity of the link i with respect to the local
system of reference of the element that includes the local system of reference of the
link i (that is to say, of the element r), can be determined from the relationship:

xr
si =

ji∑
p

ρi
pV

i
p xi

cp

ji∑
p

ρi
pV

i
p

, yr
si =

ji∑
p
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pV

i
p yi

cp
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pV

i
p

, zr
si =

ji∑
p

ρi
pV

i
p zi

cp

ji∑
p

ρi
pV

i
p

(3)

where: p = 1, 2, . . . , r, . . . , k, . . . , l, . . . , ji, ji - number of elements of the model of
the link i; ρi

p - material density of the p-th element of the link i; V i
p - volume of the

p-th element of the link i;
[
xi

cp, yi
cp, zi

cp

]T - vector of the position of the resultant
centre of gravity of the p-th element in the local system of reference of the element
r (that includes the local system of reference of the link i), and:

ji∑
p

V i
p =

ji∑
p

qp∑
q

mip,q

ρi
q,p

(4)

where: mip,q - mass of the q-th part of the p-th element of the link i; ρi
q,p - material

density of the q-th part of the p-th element of the link i. Assuming the notations
as in Fig. 1, we can express the volume of the link i as follows:

ji∑
p

V i
p = V i

r + V i
k + V i

l =
qr∑

q=1

mir,q

ρi
q,r

+
qk∑

q=1

mik,q

ρi
q,k
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(5)

where: ji = 3;
V i

r , V i
l - volume of the housing and the bearing system and elements of the drive

related to the kinematic pair i and i+1/i−1, respectively, V i
k - volume of the body

of the link i.
Choosing local systems of reference of the link i as in Fig. 1 and Fig. 5, for

a constant value of the material density of the link, we can express equations of
co-ordinates (3) in the form:
co-ordinate xr

si:
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(6)

whereas:
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2
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whereas:
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co-ordinate zr
si:

zi
cr = rz

cr, zi
ck = rz

ck, zi
cl = rz

cl

zr
si = V i

r rz
cr+V i

k rz
ck+V i

l rz
cl

V i
r +V i

k +V i
l

(10)

whereas:
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The position of the centre of gravity of the link i with respect to the local system
of reference of the element r can be expressed as:
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(12)

In general, the position of the centre of gravity of the link i with respect to the local
system of reference of the link i (xiyizi0i), Fig. 2a, can be written as:

rsi = Aor
r
si (13)
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where: Ao - matrix of rotation of the co-ordinate system of the link, xiyizi0i, with
respect to the position of the local system of the element r.

Knowing the description of an arbitrary vector with respect to the local system
of the element r, we intend to describe this vector in the system of reference of
the link i, as the beginnings of both the systems coincide. This transformation is
possible provided the description of the orientation of the local system r with respect
to the system of co-ordinates of the link i is known. This orientation is defined by
the matrix of rotation Ao , whose columns are versors of the system of reference of
the element r described in the system of reference of the link, and rows are versors
of the system of the link r described in the system of the element r. Owing to the
matrix of rotation Ao, a description of the orientation of the system of the element r
with respect to the system of reference of the link i is possible, i.e. a transformation
of the orientation of any arbitrary vector described with respect to the local system
of reference of the element r to the local system of reference of the link i. In order to
describe the orientation of the rotation in the three-dimensional space, one should

a)

b)

Figure 2 Transformations of local systems of reference

remember that rotations in general are not commutative (multiplication of matrices
does not exhibit the property of commutation). Therefore, in order to describe the
orientation of the local system of reference of the element r with respect to the
local system of reference of the link i, the local system of the reference of the link
i should be rotated with respect to the respective axes of the local system of the
element r of this link.

In order to transform (rotate) the local system of reference of the link i to
the local system of the reference of the element r, the following rotations around
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the corresponding axes of the local system, Fig. 2b, have been performed in the
following sequence:

- rotation around the axis xr by an angle± γ
- rotation around the axis yr by an angle± α
- rotation around the axis zr by an angle± δ

(14)

where, depending on the positions of systems of reference with respect to each other,
the angles α, δ and γ can assume positive or negative values. Angles consistent
with the trigonometric direction of the rotation will be considered positive, if we
assume the axis of rotation of the system directed at the person looking at it. Each
of specified rotations is performed along respective axes of the defined system of
reference of the element r.

The matrix of rotation of the local system of reference of the link i with respect
to the local system of reference of the element r can be written in the general form
as follows:

Ao = AδAαAγ (15)

The matrices of elementary rotating transformations are as follows:

Aγ =




1 0 0
0 cos(γ) − sin(γ)
0 sin(γ) cos(γ)


 , Aα =




cos(α) 0 sin(α)
0 1 0

− sin(α) 0 cos(α)


 ,

Aδ =




cos(δ) − sin(δ) 0
sin(δ) cos(δ) 0

0 0 1




(16)

If we treat rotations as operators [2], we will perform rotations Aγ , Aα and Aδ.
After multiplications according to Eq. (15), we obtain:

Ao =




cos(α) cos(δ) sin(α) sin(γ) cos(δ)− sin(δ) cos(γ)
sin(δ) cos(α) sin(α) sin(δ) sin(γ) + cos(δ) cos(γ)
− sin(α) sin(γ) cos(α)

(17)

sin(α) cos(δ) cos(γ) + sin(δ) sin(γ)
sin(α) sin(δ) cos(γ)− sin(γ) cos(δ)
cos(α) cos(γ)




Matrix (17) is correct only for rotations performed in the sequence given in (14).
If we employ matrix (17), then Eq. (13) takes the form:

r̄si =




cos(α) cos(δ) sin(α) sin(γ) cos(δ)− sin(δ) cos(γ)
sin(δ) cos(α) sin(α) sin(δ) sin(γ) + cos(δ) cos(γ)
− sin(α) sin(γ) cos(α)

sin(α) cos(δ) cos(γ) + sin(δ) sin(γ)
sin(α) sin(δ) cos(γ)− sin(γ) cos(δ)
cos(α) cos(γ)







xr
si

yr
si

zr
si




(18)
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Assuming the equality α = δ = γ = 0 the matrix of rotation has the following
form:

A0 =




1 0 0
0 1 0
0 0 1


 (19)

then
r̄si = r̄r

si (20)

This is the case when the local system of reference of the link is the local system of
reference of the link element within which there is the local system of reference of
this link.

3. Algorithm for the determination of parameters of inertia tensors of
manipulator links

As we know, determination of the tensor of inertia of the link i consists in determi-
nation of co-ordinates of the tensor of inertia in the system of co-ordinates, whose
beginning lies in the centre of mass of the link and whose axes have consistent senses
and are parallel to the corresponding axes of the local system of co-ordinates related
to this link. The general form of the inertia tensor of the link i is as follows [5, 8,
9]:

Isi =




Bxsi −Bxysi
−Bxzsi

−Bxysi
Bysi −Byzsi

−Bxzsi −Byzsi
Bzsi


 (21)

where: Bαsi - mass moment of inertia of the i-th link with respect to the planes
perpendicular to the axis α, α = {x, y, z}; Bαβsi - mass centrifugal moment of
inertia of the i-th link with respect to the planes perpendicular to the axis α and
β, α = {x, y, z} and β = {x, y, z} and α 6= β.

The system of reference (xyz)si has its beginning in the centre of mass of the
link i and axes parallel and with consistent senses to the respective axes of the
system related to the link (that is to say, parallel to the axis of the system xiyizi0i).

Each link as a material body can be divided in mind into indefinitely small
elements. Let us denote the mass of one of such elements of this body by dm and
let us assume that it has the material density ρ and the volume dV , then dm = ρdV .
The tensor of inertia of any q-th part of the p-th element of the link i assumes the
form:

Ii
q,p = ρi

q,p ∫
V i

q,p




y2
m + z2

m −xmym −xmzm

−ymxm x2
m + z2

m −ymzm

−zmxm −zmym x2
m + y2

m


 dV (22)

where: m - any point of the link i; ρi
q,p - material density of the q-th part of the

p-th element of the link i; V i
q,p - volume of the q-th part of the p-th element of the

link i, dV = dxdydz - elementary volume; mi, Vi - mass and volume of the i-th link,
respectively.

Let us denote the vector of the position of an arbitrary point m of the link
in the system of co-ordinates whose beginning is in the centre of gravity of the
part q of the element p and whose axes have consistent sensors and are parallel
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to the corresponding axes of the local system of reference of the link i (system of
co-ordinates of the link i) by r̄m = [xm, ym, zm]T .

The vector r̄m can be written if we know the position of the point m in the local
system of reference of the q-th part of the p-th element. The relationship between
vectors r̄m and r̄ml has been defined as:

rm = Aorml (23)

where: Ao − matrix of rotation of the local system of reference of the link i,
transformed to the centre of gravity of the considered (specified) element or part of
the link, to the local system of reference of this element or part; r̄ml - vector of the
position of the point m of the link in the local system of co-ordinates of the part q
of the p-th element, (r̄ml = [xml, yml, zml]T ).
Substituting relationship (17) into Eq. (23) we obtain:

r̄m = Aor̄ml ⇒



xm

ym

zm


 =




cos(α) cos(δ)xml + [sin(α) sin(γ) cos(δ)− sin(δ) cos(γ)]yml

sin(δ) cos(α)xml + [sin(α) sin(δ) sin(γ) + cos(δ) cos(γ)]yml

− sin(α)xml + sin(γ) cos(α)yml + cos(α) cos(γ)zml

+[sin(α) cos(δ) cos(γ) + sin(δ) sin(γ)]zml

+[sin(α) sin(δ) cos(γ)− sin(γ) cos(δ)]zml




(24)

Having substituted (24) into (22), for the case when α = 0 and remembering
to transform the limits of integration to the local system of reference of the part
in order to simplify the calculations, we obtain as a result of these transformations
what follows:

Ii
q,p = ρi

q,p

∫

V i
q,p




a sym.
b c
d e f


dV (25)

where:
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a = sin(δ)[sin(δ)xml + 2 cos(δ)(cos(γ)yml − sin(γ)zml)]xml+
cos2(δ)[cos(γ)yml − sin(γ)zml]2 + [sin(γ)yml + cos(γ)zml]2

b = − sin(δ) cos(δ)[x2
ml − (sin(γ)zml − cos(γ)yml)2]+

xml(sin2(δ)− cos2(δ))[sin(γ)zml − cos(γ)yml]

c = cos(δ)[cos(δ)xml + 2 sin(δ)(sin(γ)zml − cos(γ)yml)]xml+
sin2(δ)[cos(γ)yml − sin(γ)zml]2 + [sin(γ)yml + cos(γ)zml]2

d = − sin(δ)[sin(γ) cos(γ)(z2
ml − y2

ml) + ymlzml(sin2(γ)− cos2(γ))]+
cos(δ)[sin(γ)yml + cos(γ)zml]xml

e = − cos(δ)[sin(γ) cos(γ)(y2
ml − z2

ml) + ymlzml(cos2(γ)− sin2(γ))]+
sin(δ)[sin(γ)yml + cos(γ)zml]xml

f = [cos(δ)xml − sin(δ cos(γ)yml + sin(δ sin(γ)zml]2+
[sin(δ)xml + cos(δ) cos(γ)yml − cos(δ) sin(γ)zml]

2

(26)

In turn, the matrix Ii
q,p,s is calculated with respect to the centre of gravity of the

link i, whereas the matrix Ii
q,ps - with respect to the centre of gravity of the element

p of the link i, using the Huygens-Steiner theorem for this aim [3]. Next, the tensor
of inertia of the link i (Iis) is determined as a sum of the matrix Ii

q,p,s (summation
of the corresponding terms of the matrix) of the subsequent parts of the respective
elements of the link i (or the matrix Ii

p,s of the subsequent elements of the link i)
and the tensor of inertia of the element p(Ii

sp) as a sum of the matrix Ii
q,ps of the

subsequent parts of the p-th element with respect to the centre of gravity of the
element p. The determination of tensors of inertia of p-th elements of the link i
allows for an analysis of the factors that affect the relations of inertia tensors of
individual elements of the link. An exemplary analysis, based on the presented
algorithm, is carried out in Section 5.

4. Algorithm for the determination of parameters of inertia tensors of
manipulated objects

Let us consider the manipulated object shown in Fig. 3. Let us assume that the
position of the centre of gravity of the manipulated object is displaced with respect
to the beginning of the local system of reference of the last link of the kinematic
manipulator chain in the form of the vector r̄p. We want to describe the tensor of
inertia of the manipulated object with respect to the system of reference with the
beginning in the centre of gravity of this object and with axes that have consistent
senses and are parallel to the corresponding axes of the local system of reference
of the last link of the manipulator kinematic chain (link n). It allows for the
determination of the kinematic energy of the manipulated object, employing the
knowledge of kinematics of the last link of the manipulator kinematic chain thus.

In order to simplify the calculations of the co-ordinates of the inertia tensor of
the manipulated object, it is advantageous to introduce a local system of reference
of the object with the beginning in the centre of gravity of the manipulated object
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Figure 3 Local systems of reference related to the object manipulated

(xpypzp0p ). The orientation of the local system of reference of the manipulated
object should be selected in the most advantageous way from the viewpoint of the
calculations of the inertia tensor of the manipulated object with respect to its own
system of reference.

Let us denote the vector of the position of the centre of gravity of the manip-
ulated object in the local system of reference of the n-th link of the manipulator
kinematic chain, Fig. 3, by r̄p = [xps, yps, zps]T . The tensor of inertia of the ma-
nipulated object with respect of the object centre of gravity, in its local system of
reference (xpypzp0p), assumes the following form in general:

I l
p =




Bl
x −Bl

xy −Bl
xz

−Bl
yx Bl

y −Bl
yz

−Bl
zx −Bl

zy Bl
z


 =




mpi
2
px −Bl

xy −Bl
xz

−Bl
yx mpi

2
py −Bl

yz

−Bl
zx −Bl

zy mpi
2
pz


 (27)

where: Bα, Bαβ , α = {x, y, z}, β = {x, y, z}, α 6= β - mass moments of inertia of
the object manipulated with respect to the local system of reference of the object
located in its centre of gravity; they depend on the shape of the object; mp - mass
of the object manipulated; i2pα - respective radii of inertia.

Then, after transformations (17) of geometrical dimensions and limits of inte-
gration (Section 6), we can transform the quantities written in the local system
of reference of the object to the local system of reference located in the centre of
gravity of the manipulated object and with axes that have consistent senses and
are parallel to the respective axes of the local system of co-ordinates of the last link
of the manipulator kinematic chain (see Eq. (25) as an example). As a result, we
obtain the tensor of inertia of the manipulated object Ip

p with respect to the system
of reference fixed in the centre of gravity of the object and with axes of consistent
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senses and parallel to the corresponding axes of the last link of the kinematic chain:

Ip
p =




Bp
x −Bp

xy −Bp
xz

−Bp
yx Bp

y −Bp
yz

−Bp
zx −Bp

zy Bp
z


 (28)

b)
a)

c)

Figure 4 The manipulator gripping device - manipulated object system. Exemplary selection of
local systems of reference for the case of the object manipulated in the form of a homogeneous
cube: a) matrix of transformation of local systems of reference according to Eq. (19); b), c) matrix
of transformation of local systems of reference according to Eq. (30). The local system of reference
of the manipulated object (xpypzp0p ) is its main central system of inertia

In the case when the shape of the object manipulated is such that a selection
of the local system of reference - the most advantageous from the viewpoint of the
determination of its mass moments of inertia - is such that the corresponding axes
of the local system of reference of the object and the local system of reference of
the last link of the manipulator kinematic chain are parallel and have consistent
senses, matrix (17) of transformations of these systems assumes form (19). Then,
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the equality of tensors of inertia takes place:

Ip
p = I l

p (29)

Let us consider a homogeneous hexagon whose side length is wp as the manip-
ulated object. Assuming the local systems of reference as in Figs. 4a and 4b,c,
matrices Ao assume the forms (19) and (30), respectively. Considering the case
presented in Figs. 4b,c, we perform a rotation by an angle α around the axis yp of
the local system of reference of the last link of the kinematic chain with respect to
the position of the local system of reference of the object manipulated. Employing
relationships (14) and (15), the matrix of rotation assumes then the form:

Ao = Aα =




cos(α) 0 sin(α)
0 1 0

− sin(α) 0 cos(α)


 (30)

In the case under consideration, we will write Eq. (23) as follows:

rn = Aorp (31)

After transformations of Eq. (31), the components of the vector r̄p assume the
following forms, correspondingly:

xn = xp cos(α) + zp sin(α)
yn = yp

zn = zp cos(α)− xp sin(α)
(32)

As an example, we will transform the geometrical dimensions of the position of some
selected, exemplary points of the object under manipulation in the local system of
reference of the last link of the manipulator chain:

point 1 :
xp = a, zp = 0 => xn = xp cos(α), zn = −xp sin(α)

point 2 :
xp = 0, zp = b => xn = zp sin(α), zn = zp cos(α)

point 3 :
xp = a, zp = b => xn = a cos(α) + b sin(α), zn = b cos(α)− a sin(α)

(33)

In the case of the object manipulated under consideration a = b = wp/2. In turn,
the tensor of inertia of the manipulated object with respect to the local system
of reference placed in the centre of gravity of the object and with axes that have
consistent senses and are parallel to the respective axes of the local system of the
last link of the manipulator kinematic chain, for the case presented in Fig. 4a,
assumes the following form:

Ip
p = I l

p =




Bp
x 0 0

0 Bp
y 0

0 0 Bp
z


 (34)

where Bp
x = Bp

y = Bp
z = mpw2

p

6 .



Determination of inertia tensor... 151

5. Example of the analysis of manipulator inertia tensors. Criteria for
the selection of positions of centres of gravity of manipulator links

Let us focus on an exemplary analysis of tensors of inertia. Let us take an industrial
manipulator NM7MAR, whose kinematic schematic view is presented in Fig. 5, due
to the simplicity of its design and clearness of the analysis.

Figure 5 Kinematic scheme of the NM7MAR manipulator. Selection of systems of co-ordinates
of links

Figure 6 Shape of the p-th element of the i-th link of the exemplary manipulator

Considering the structure of links of this manipulator, three elements in the form
of homogeneous cubicoids (taking into account parts that form bearing systems and
their housings and systems of drive transfer) have been specified in each link. Let
us assume the general case of the p-th element of the link i. Let us assume the
geometrical notations of the p-th element as in Fig. 6. Thus, having in mind the
assumptions concerning links of the manipulator under analysis, we have i = 1, 2, 3;
p = 1(r), 2(k), 3(l) - p-th element of the link, mip - mass of the p-th element of the
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link, and analysing Figs. 1, 6:

mip = ρi
paipbiphip

for i = 1, 2 and p = k => aip = Li − αi − βi

for i = 3 and p = k => hip = Li − αi − βi

(35)

Employing relationship (22), the tensor of inertia of the p-th element with respect to
the local system of co-ordinates of the link i that is located in the centre of gravity
of the element p, Fig. 6, assumes the form in general:

Ii
sp =

∫

V i
p




(y2
m + z2

m)dm −xmymdm −xmzmdm
−xmymdm (x2

m + z2
m)dm −ymzmdm

−xmzmdm −ymzmdm (x2
m + y2

m)dm


 (36)

In the manipulator under consideration, owing to the assumed positions of local
systems of reference, the following equality holds (from Eq. (23)):

rm = rml (37)

Assuming that the vector r̄i
cp = [rx

cp, r
y
cp, r

z
cp]

T defines the position of the centre of
gravity Cp of the element p in its local system of reference, then the tensor of inertia
Ii

sp with respect to the local system of reference xpypzp0p assumes the form:

Ii
sp =

2
4

mip

12
(b2

ip + h2
ip) + mip

`
(ry

cp)2 + (rz
cp)2

´ −miprx
cpry

cp

−miprx
cpry

cp
mip

12
(a2

ip + h2
ip) + mip

`
(rx

cp)2 + (rz
cp)2

´
−miprx

cprz
cp −mipry

cprz
cp

−miprx
cprz

cp

−mipry
cprz

cp
mip

12
(a2

ip + b2
ip) + mip

`
(rx

cp)2 + (ry
cp)2

´

3
5

(38)

where: i = 1, 2, 3; p = r, k, l; mip = ρi
paipbiphip whereas for:

i = 1, 2, p = k => aip = Li − αi − βi, mip = ρi
pbiphip(Li − αi − βi);

i = 3, p = k => hip = Li − αi − βi , mip = ρi
paipbip(Li − αi − βi).

The tensor of inertia Ii
sp of the p-th element of the link i is equal to:

Ii
sp =




mip

12 (b2
ip + h2

ip) 0 0
0 mip

12 (a2
ip + h2

ip) 0
0 0 mip

12 (a2
ip + b2

ip)


 (39)

The determination of the tensor Ii
p,s consists in the determination of the tensor

of inertia of the element p (in the manipulator under analysis p = 1(r), 2(k), 3(l))
with respect to the centre of gravity of the link i.

The vectors of locations of centres of gravity of the p-th element of the link i
have the form:

ri
cp = [rx

cp, r
y
cp, r

z
cp]

T (40)

where: i = 1, 2, 3; p = r, k, l; in the local systems of reference of the respective
elements of the link.
The vectors of positions of the local systems of reference of individual elements of
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the link in the local system of reference of elements (link) that is reduced to the
centre of gravity of the link take the form:

ri
op = [xi

op, y
i
op, z

i
op]

T (41)

in the case of the analysed form of the link i:

r̄i
or = [xi

or, y
i
or, z

i
or]

T , r̄i
ok = [xi

ok, yi
ok, zi

ok]T , r̄i
ol = [xi

ol, y
i
ol, z

i
ol]

T (42)

The tensor of inertia Ii
p,s is equal to:

Ii
p,s =




mip

12 (b2
ip + h2

ip) + mip[(ry
cp + yi

op)2 + (rz
cp + zi

op)2]
−mip[(rx

cp + xi
op)(r

y
cp + yi

op)]
−mip[(rx

cp + xi
op)(rz

cp + zi
op)]

−mip[(rx
cp + xi

op)(r
y
cp + yi

op)]
mip

12 (a2
ip + h2

ip) + mip[(rx
cp + xi

op)2 + (rz
cp + zi

op)2]
−mip[(ry

cp + yi
op)(r

z
cp + zi

op)]

−mip[(rx
cp + xi

op)t(r
z
cp + zi

op)]
−mip[(ry

cp + yi
op)(r

z
cp + zi

op)]
mip

12 (a2
ip + b2

ip) + mip[(rx
cp + xi

op)
2 + (ry

cp + yi
op)

2]




(43)

The tensor of inertia of the i-th link is thus equal to:

Isi =
∑

p

Ii
p,s (44)

where: p = r, k, l.
Employing relationship (43), Eq. (44) assumes the form:

Isi =




Bi
x −Bi

xy −Bi
xz

−Bi
xy Bi

y −Bi
yz

−Bi
xz −Bi

yz Bi
z


 (45)

where: i = 1, 2, 3; p = r, k, l; Bi
x, Bi

y, Bi
z - mass moments of inertia of the link i with

respect to the axis xi, yi, zi, respectively; Bi
xy, Bi

yz, B
i
xz - centrifugal moments of

inertia of the link i with respect to the planes of the system of co-ordinates, whose
beginning lies in the centre of gravity of the link,
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whereas:

Bi
x =

∑
p

mip[ 1
12 (b2

ip + h2
ip) + (ry

cp + yi
op)

2 + (rz
cp + zi

op)
2]

Bi
y =

∑
p

mip[ 1
12 (a2

ip + h2
ip) + (rx

cp + xi
op)

2 + (rz
cp + zi

op)
2]

Bi
z =

∑
p

mip[ 1
12 (a2

ip + b2
ip) + (rx

cp + xi
op)

2 + (ry
cp + yi

op)
2]

Bi
xy =

∑
p

mip(rx
cp + xi

op)(r
y
cp + yi

op)

Bi
xz =

∑
p

mip(rx
cp + xi

op)(rz
cp + zi

op)

Bi
yz =

∑
p

mip(ry
cp + yi

op)(r
z
cp + zi

op)

(46)

Let us consider an exemplary link of the manipulator under analysis, Fig. 7.

Figure 7 Design scheme of the i-th link of the manipulator under analysis. Systems of co-ordinates
correspond to links 1 and 2

For the links of the manipulator under analysis, let us assume the following
volumetric relationships of the corresponding elements of the link:

Vr = Vk = Vl (47)

and of the components of the vectors of positions of centres of gravity of individual
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link elements in their local systems of reference, respectively:

rx
cr + rx

ck + rx
cl = 0

ry
cr + ry

ck + ry
cl = 0

rz
cr + rz

ck + rz
cl = 0

(48)

As a result of the assumptions made (Eqs. (47), (48) and (6)-(12)), the position
of the centre of gravity of the i-th link of the manipulator in the point whose co-
ordinates are as follows:

i = 1, 2 => (−Li

2 , 0, 0)
i = 3 => (0, 0,−Li

2 )
(49)

has been determined in corresponding, local systems of reference of links.

6. Transformations of dimensions between local systems of reference

A transformation of limits of integration will be presented on the example of the
description of the orientation of the vector that is described by the limits of inte-
gration defined in the systems xmlymlzml0ml and xmymzm0m. Let us consider the
case shown in Fig. 8. Then, matrix of rotation (17) assumes the form:

Ao =




cos(α) 0 sin(α)
0 1 0

− sin(α) 0 cos(α)


 (50)

After the substitution of Eq. (50) into relationship (23), we obtain:

xm = xml cos(α) + zml sin(α)
ym = yml =< −wp

2 ,
wp

2 >
zm = −xml sin(α) + zml cos(α)

(51)

Figure 8 Transformations of dimensions between local systems of reference
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As a result of the analysis of Fig. 8, the co-ordinates of selected points (i = 1, 2,
3, 4) of the solid body, in the local system of reference xmlymlzml0ml, are presented
in Table 1.

Table 1

Considered point
(i =1, 2, 3, 4)

xml yml zml

1 wp/2 0 wp/2
2 −wp/2 0 wp/2
3 wp/2 0 −wp/2
4 −wp/2 0 −wp/2

After the transformation of the local systems of reference, according to Eq. (51),
the co-ordinates of the points under analysis assume the values included in
Table 2, respectively.

Table 2

Point
(i =
1, 2, 3, 4)

xm ym zm

1 wp/2 sin(α) + wp/2 cos(α) 0 −wp/2 sin(α) + wp/2 cos(α)
2 wp/2 sin(α)− wp/2 cos(α) 0 wp/2 sin(α) + wp/2 cos(α)
3 −wp/2 sin(α) + wp/2 cos(α) 0 −wp/2 sin(α)− wp/2 cos(α)
4 −wp/2 sin(α)− wp/2 cos(α) 0 wp/2 sin(α)− wp/2 cos(α)

The equations of limits of integration of the cube under consideration, generating
the equations of straight lines, with respect to the co-ordinate axes x and z, in the
form of a system of equations, have the following form:

[
xm = ± wp

2 cos(α) + zmtg(α)
zm = ± wp

2 cos(α) − xmtg(α) (52)

for α 6= (π/2, 3π/2). In the case when the angle α = π/4 , Fig. 8, the co-ordinates
of the points under analysis assume values included in Table 3.

If we simplify equation (52), the corresponding equations of limits of
[

xm = ±
√

2
2 wp + zm

zm = ±
√

2
2 wp − xm

(53)

integration have the form:
Let us consider a homogeneous cube with a side length wp = a and let us assume

the local systems of reference as in Fig. 9.
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Table 3

Considered point
(i = 1, 2, 3, 4)

xm ym zm

1
√

2/2wp 0 0
2 0 0

√
2/2wp

3 0 0 −√2/2wp

4 −√2/2wp 0 0

Figure 9 Scheme of transformations of geometrical dimensions in local systems of reference

Solving the system of equations that corresponds to Eq. (52) (that is to say,
we have to remember about the notations of the axis of the assumed orientation of
systems of reference), for instance through a substitution of Eq. (52b) into (52a)),
we obtain the co-ordinates of point 1, Fig. 9, in the form:

(x′, y′) =
(a

2
[sin(α) + cos(α)] ,

a

2
[cos(α)− sin(α)]

)
(54)

and other quantities shown in Figs. 9 and 10 as well.

For example, the moment of inertia of the specified part of the solid body, whose
cross-section in the plane x − y is hatched in the figures (for the cases from Figs.
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9a, 9b, 9c and 10) with respect to the axis z is equal to:

Bz′ = ρ

a
2∫

− a
2

[
a
2 cos(α)− a

2 sin(α)

∫
0

a
2 cos(α)+y′ tan(α)

∫
0

(x′2 + y′2)dx′dy′+

+
a

2 cos(α)

∫
a
2 cos(α)− a

2 sin(α)

a
2 sin(α)−y′ cot(α)

∫
0

(x′2 + y′2)dx′dy′]dz′ = ρa5

24

(55)

and (Fig. 10):

Figure 10 Scheme of transformations of geometrical dimensions in local systems

Bz′ = ρ

a
2∫

− a
2


 0∫
− a

2 sin(α)

a
2 cos(α)+y′ tan(α)∫
− tan−1(α)y′

(x′2 + y′2)dx′dy′+

a
2 [cos(α)−sin(α)]∫

0

a
2 cos(α)+y′ tan(α)∫

tan(α)y′
(x′2 + y′2)dx′dy′+

a
2 cos(α)∫

a
2 [cos(α)−sin(α)]

a
2 sin(α)−y′ tan−1(α)∫

tan(α)y′
(x′2 + y′2)dx′dy′


 dz′ = ρa5

24

(56)

where: α 6= (π/2, 3π/2), ρg material density of the cube. As a result of the
transformation of geometrical dimensions, carried out on the basis of Eqs. (23),
(50) for the cases as in Figs. 9 and 10, we obtain:

Bz′ = ρ

a
2∫

− a
2

a
2∫
0

a
2∫
0
(x2 + y2)dxdydz = ρ

a5

24
(57)
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7. Conclusions

An analytical way of the determination of inertia tensor co-ordinates of manipulator
links and manipulated objects on the basis of homogenous transformation matrices
has been presented. The main idea of this method consists in a division of the solid
body under analysis into elements and parts convenient for analysis, an attribution
of local systems of reference to them in a way that makes calculations of element
tensors of inertia easier, transformations of the local systems of reference, employing
matrices of homogeneous transformations, to the system of reference fixed in the
centre of gravity of the link. Thus, using matrices of homogeneous transformations
that are commonly used in manipulator kinematics, we can simplify the algorithm
for the determination of co-ordinates of tensors of inertia of links and objects ma-
nipulated.
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