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We optimize the Hohmann type bi—impulsive transfer between inclined elliptic orbits
having a common center of attraction, for the four feasible configurations. Our criterion
for optimization is the characteristic velocity Avy = Aw; + Avg which is a measure
of fuel consumption. We assigned the optimum value of our variable z ( ratio between
velocity after initial impulse and velocity before initial impulse) by a numerical solution
of an algebraic eight degree equation. We have a single plane change angle a. We present
terse new formulae constituting a new alternative approach for tackling the problem. The
derivations of formulae of our treatment are simple, straightforward and exceptionally
clear. This is advantageous. By this semi—analytic analysis we avoid many complexities
and ambiguity that appear in previous work.

Keywords: Rocket dynamics, transfer orbits, Hohmann transfer, optimization, astrody-
namics, aerospace engineering, orbital mechanics

1. Introduction

We assume that the bi-impulsive thrusts concerned with the elliptic Hohmann trans-
fer are provided by a space craft propulsion system. The total characteristic velocity
for the transfer maneuver is given by Avy = Avy + Avs. Orbital transfer is utilized
in the majority of space crafts placed in orbit around the Earth. Orbit transfer is
implemented to acquire a final orbit via a parking one. Periodic corrections should
be executed due to perturbations acting on space crafts [1]. The velocity increments
at peri—apse and apo—apse are directly proportional to fuel expenditure. Lawden
investigated the optimization of a rocket vehicle transfer. He assumed the orbits to
be elliptic and coplanar (The Lawden problem) [2]. Gravier et al derived the neces-
sary equations for optimal transfer, in the real case when we take into account the
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ellipticity and inclination of the orbits [3]. J. Baker discussed the problem of circular
inclined orbits transfer for three cases [4]. L. Rider extended the impulsive thrusts
transfer problem to non—coplanar orbits [5], J. Prussing analysed the optimized so-
lution for the coplanar and restricted class of non—coplanar transfer problem [6].
We shall take into consideration the coplanar and non—coplanar Bi—elliptic transfer
problem, for the four assumed configurations, strictly after the publication of this
work [7].

2. Preliminary Concepts

2.1.  Determination of the Feasible Configurations

We have the following four feasible configurations for the elliptic Hohmann type
transfer
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1. For Fig. 1, apo — apse of transfer orbit coincides with apo — apse of final orbit

(L)

2. For Fig. 2, apo — apse of transfer orbit coincides with peri — apse of final orbit

(L)

3. For Fig. 3, apo — apse of transfer orbit coincides with apo — apse of final orbit
R ).

4. For Fig. 4, apo — apse of transfer orbit coincides with peri — apse of final orbit
R).

where (L) means that primary is at left focus and (R ) means that primary at right
focus.

The most convenient way is to regard the problem of orbit transfer as a problem
in change of energy [8].
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For Fig. 1:

ar(1—e1)=ar(l—ep) ar (L+er) =as(1+e3) (1)

2ar = a1 (1 —e1)+ar (l+er) 2ar = as (1 +e2)+ar (1l —er) (2)
We get from Eq. (2) after little reduction :

aq (1 —61) + aso (1+62)
2

ar =
3)

—aq (1 — 61) + a9 (1 + 62)

a1 (1 — 61) —+ asg (1 + 62)

er =

For the transfer ellipse, we have the following equations for the total and kinetic
energy:

vr _H
- — 4
cr=2-L (@
2 1
2 — RS —
U = [ (TT aT> (5)
Which yield
_ M
Cr = %ar (6)
By Eq. (3), we get
Op = K (7)

a1 (1 —61) + as (1—1—62)

Also we have for the energy increment at point A
AC, = Cr —C, (8)

But
—p
Ci=— 9
! 2(11 ( )
So, we acquire
1 — 1
AC’A:L as(14+e3)—a; (1+ey) (10)
2(11 as (1—|—€2)+a1 (1—61)

Similarly
ACp =Cy —Cr (11)
_ K
Ca= o2 (12)

Which gives
w [as(1—e3) —ar (1—eq)
ACp = — 13
BT 20y lag(T+ez)+ar (I—ep) (13)
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For the change in kinetic energies at the two points A and B we have the following
equalities:

ACy = % {a+ 2vay =23} (14)
ACp = % {— (vg — Avg)® + u?g} (15)
Where
(1+el))?
(0)per = { LT (16)
(08) g, = { L2 )

We now find the expressions for Av4 and Avg which are the necessary changes
in velocity at A and B respectively to execute the transfer by solving two second
degree equations in Av4 and Avg, namely

AV 4 204 Avs —2AC 4 =0 (18)
Avd — 2upAvg +2ACE =0 (19)
i.e.

N

Avy = —vy + (’Ui + QACA)
AUB = UB + (’1)123 — QACB)%

We get from the solution of (18), (19) and by Egs (10), (13), (16) and (17):
(Bwa) B (u>1/2 jE{Hel+a2(1+ez>)—a1(1+61)}5
A/ Per. o 1—61 a9 (1+6’2)+a1 (1—61)

Sty o
i{1_62 a2(1—e2)—a1(1—el)}

1+62 a2(1+€2)+a1(1761)

[N

For Fig. 2, we have the equalities

ap = ai (1 - 61) ;aQ (1 - 62) (22)
a9 (1 — 62) —a (1 — 61)

a1 (1 761) + as (1 762)

er = (23)
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For Fig. 3, we have

ay (1+61) + as (1+62)
2
as (1—|—€2) —aq (1—|—€1)

= 25
er a1 (1+€1)+@2 (1+€2) ( )
For Fig. 4, we find
1 1-—
ar = a(lte) —;—ag ( c2) (26)
o = as (1 —e2) —ar (1 +e1) (27)

a1 (1—|—€1) + as (1 —62)

2.2. Change of vehicle’s energy

The analysis for case (I) has been discussed. For casses (II), (III), and (IV), we
have the following relationships:

T
o=t {2t e)) e
son= - (i) @
(vAPET=(”) {iii}z 0
(Ava) po,. = (al)é Hif:};

o R T i) I
N = 2
o= (2) |2}

fmsbtamis)] e

G 1
sen- ) o9
acy = (s al ) )
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1 1
A 1—e)2
A — () |-
( UA)ApO. (a1> [ {1+€1}
1
i{161+a2(1+62)a1(161)}
14+er  ax(l+es)+ar(l+e)
1
2

o = (£) {12} (59

1/2 1
I l—eg|?
@ = (2) " ({152}

a2

©

—_
—
w
~
~—

) a2(1—€2)—a1(1+61)%
i{1+€2_a2(1+62)+a1(1+61)}] (39)
Case (IV):
_ K as (1 —e2) —ar (1 —eq)
ACA_%{&2(1—€2)+Q1(1+61)} (40)
o fax(l4e)—ai(l+er)
AC’BQGQ{CL (1_62)+a1(1+€1)} (41)

NPT (1oen?
e - (£) [-{152)

1
i{l—el+a2(1—62)—a1(1—el)}
14+e a2(1—€2)+a1(1+€1)

@mhn=(£)m{1f2}é (1)

" 3 1+e 3
(AUB)Per.:( ) {1_62}

as
i{1+€2 a2(1+€2)—a1(1+€1)}

©
—_
—
i
w
=

Nl

1-— €9 as (1 — 62) “+ ay (1 + 61) ] (45)
Evidently Ava4 and Avpg are functions of the parameters aq, as, e1, and es.

We place here Fig. 5, showing the variation of & = as/a; versus the total
transfer impulse Avy + Avp (classical characteristic velocity).

A bundle of curves appear corresponding to e; = 0.1 ; e = 0.1 — 0.9.

In Fig. 5, the total impulse increase drastically for the range a =~ 0.0 — 10.0,
then increase slowly, indicating that the consumption of fuel is greatest for the
above range.
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3. Presentation of the Method of Optimization
3.1. For the first configuration

Let v4 be the velocity of the satellite in initial ellipse (aj, e1), and zv4 be the
velocity in transfer orbit (ar, er) after first impulse V;.

We have
Tvg — V4 = V1
where
thevelocity after firstimpluse
xr =
the velocity be fore firstimpulse
p(lter)
_ | er(=er)
o p(lter)
ai(l—eq)
From Fig. 1,

al (1 —61) = ar (1 —€T)

i.e.

\/W
xTr =
1+61
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1 1
Vi = p(l+er) [1+er 1
al (1 — 61) 1 + e
m
Vi=,——— 1 — /1
1 ’/al(l—el){x\/ +e \/+61}

1

vy = p(l+er) (z—1)
b1

where by =a; (1 —ey)
we get
% w (1 + 61)
eI s S A 46
dx b1 ( )

Now, let vg; be the velocity at B before the second impulse V5 , and Vgo be the
velocity at B after the second impulse V5. We have

opy = | 20 —er)
ar (1+er)

gy = 1| PAL=€2)
as (1 + 62)

Denote )
9 _Upy  l—e
T T 1 e
Bl T

Where, from Fig. 1,
ar (1 + eT) = a9 (1 + 62)

We get from the definition of x, that
l—er=2—2(1+e)
Then we write,

2 1—es _ 20
2—22(1+e) 2u+22(1—p)(1+4e)

Ui
Where 1 — ratio of periapses distances of terminal orbits

w=as(l—-e2)/a;(l—eq)

Then,
dn _ z/l—e(1+e)
dr {222 (1 4¢))}?

If a be the angle according to a plane change, we get

[N

Vo = vp (1 + 1% — 2 cos a) (47)
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We have,
UB1:\/b7‘/2_$2(1+61) where by = as (1 + e2)
4
Then,
dvpr _ [p —z(1+e)
du by {2 — 22 (1+el)}%
Therefore,

Nl

dVa n% — cos a% dvp 9

dVs [ 1
N 4
where

G- x(l-‘rel){\/@(n—cos a)—\/2—w2(1+el)(1+n2—2n cos a)}
- {2*12(1+€1)}\/(1+7l2*27l cos o)
The optimum condition is the following:

and after some reductions,

dVp dVi  dVs

— = —4+ = =0
dz dx dx
From Eqs (46) and (48) we get,
1 1+e;
¥ G =0
o by
where
:E{\/lfez(nfcosa)f 27w2(1+51)(1+n272ncosa)}
G, =
{27x2(1+61)}\/(1+7727277cosa)

and after some algebraic calculus computations:

1 1 —+ €1
——+ Gy =0
Vb1 by
where
a a:{vl—ez COSQ—\/2—$2(1+61)}
2 = 1
1/271172(1+61){37627I2(1+€1)72\/(1762){27&72(14*61)} cos a} :
Then,
1 1+e;
S Iel
b by
where
G — mz{(l—eg)cosza—2\/(1—62){2—z2(1+e1)}cosa+2—fc2(1+el)}
3 {222 (1+e)H3-ea—a2(1+e1) ~2y/(1=e2) (2—22 (1+e1)} cos a}
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i.e.
2v/(1—ex){2—22(1+e1)}cosa [—2® (14 €1) (by + ba) + 2b4]
={2-2"(1+e)}{-2" (1 +e) (bs +bs) +2bs}
+(1—e2) {—x2 (14+e€1) (b1 cos? a+ b4) + 2b4}
Let
7(1+61)(b1+b4):01 7(14*61) (b1COSQOé+b4) :CQ
Whence

2v/(1—ex){2—22(1+e1)}cosa (2°Cy + 2by)
— {2 — 22 (1 + 61)} (3:201 + 2b4) + (1 — 62) (l‘QCQ + 2b4)

By squaring we get

4(1—e2){2—2*(1+e1)} cos® o (z*CT + 42>C1by + 4b3)
_ {4 4 (1de) ot (1t e1)2} (24C2 + 422Cyby + 412)
+2(1—e2) {2—a* (1 +e1)} (2°Cy + 2by) (2°C3 + 2by)
+(1 - e2)? (2*C3 + 422 Cyby + 4b7)

—qia® + 2% {4q1C1 — 4g1 (1 — e2) C1 cos® v — 4gr (1 + e1) ba +2g1 (1 — e2) Ca }
8(1 —e3) C?cos? a — 16 (1 — e3) qr1bg cos® a — 4C% + 16q1 by

+x4{ —4(14e1)’b2 — —4(1 —ey) C1C +4qy (1 —e3) by }
+4(1 —ea) (14 e1) Caby — (1 — e9)* C3

32 (1 — e3) Cibgcos? a — 16 (1 — e3) (1 + e1) b3 cos? v — 16C1 by
+1:2 +16 (1+€1)b421—8(1—62)01b4—8(1—62) Coby
+8(1— ) (1+e1) b2 —4(1 — e3)” Caby

+32 (1 — e3) b2 cos® ar — 16b2 — 16 (1 — e3) b2 — 4 (1 — e5)* b2 = 0

where
¢ =C1(1+e€1)

whence, we obtain the algebraic equation of the eigth degree, namely:

2%+ ura® + ugrt +ugz® +ug =0 (49)
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where
{4C1 —4(1 — egt)Cycos® a — 4(1 +eq)by + 2(1 — 6202}
up = —
! q
8(1 —e3) C?cos? o — 16 (1 — e3) qrby cos® a — 4C% + 16q1 by
—4 (1 + 61)2 bz —4 (1 - 62) CiCy+4q, (1 - 62) by
+4(1 = eg) (14 e1) Coby — (1 — ea)? C2
U = — 3
ay
32 (1 — e3) Cybycos® o — 16 (1 — ea) (1 + ey) b3 cos? a — 16C1 by
+16 (1 + 61) bi -8 (1 - 62) Clb4 -8 (1 — 62) Cgb4
+8 (1 — 62) (1 + 6’1) bz —4 (1 — 62)2 Csby
us = — 3
41
{32(1 — e3) b2 cos? o — 1662 — 16 (1 — e) b2 — 4 (1 — e5) b2}
Ug = —

a7
3.2. For the second configuration

We have the additional equations:

ar (1—|—6T) = a9 (1 —62)

oy — | (L —eT)
Bl aT(1+eT)
gy — (1 + e2)
g =4 -T2
0,2(1—62)
and
27@714*62
nivélil—eT
but
l—er=2-2%(1+¢e)
then
2 _ 1+ eo
g 2—22(1+e1)

By differentiation w.r.t. x, we get

dl Cz(l+e)Vites
dr {222 (1 4¢1)}?

The second impulse

Va = vp1V/1+ 1% — 2ncos
with

2 —x2(1
vpl = \/H{ xb( +en)} where by = as (1 —e3)
3
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93
Then
dvpy [ 1w —z(14e1)
du bs {2—1’2(14-61)}%
whence
dVo  dvp 9 (n — cos )
— = 1+7n2—2ncosa+v L
dx dz Vitn K b V14102 —2ncosa
Wy [F__z+e)
dr by \/2 — 22 (14 e;)
VI+escosa—/2—22(1+¢e) (50)

[N

[{2 —22(1+e1)}+ (1 +e)—2y1T+ezcosay/2—x2(1 +€1)}

The optimum condition:

dvy  dVs
EASRNE A B,
dx + dz
Then
;1 _ 1+e T
Vo Vo bs 2—22(1+e)
V1i+egcosa—/2—22(1+¢€)
[{Q—IQ (1+e) + (1 +e) — 20T T epcosay/2 — a2 (1+el)r
Therefore

1
2%b; (14€1) (1 +e2)cos®a —22°by (1+e)VI+es {2—2*(1+e1)}? cosa
+2%h (1 +e1) {2—2* (L+e1)} =b3 {22 (1 +61)}2

+bs(1+e){2—a”(1+e)} —2bsvVT+ea {2—2°(1+e€1)}? cosa

Let
Cs=by (14 e1)(1+ e3)cos’ Cy=-2b;(14+e1)vV1+excosa
Cs=b <1+61> Cg = b3 (1+€2) C7 = —2b3/1 + egcos a
i.e.

22 {C3+2C5 +4b3 (1 —e1) + Cg (1 +e1)} + {—05 (I+e)—b3(1+ e1)2}
3

—4by — 205 = Cr {2 -2 (1+e1)}? —2*Cu{2—2" (1 +€1)}

(S

Let

Cg:C3+205+4b3(1761)+oﬁ(1+61)

Co=—Cs5(1+e)—bg(1+e1)’ Cro = —4bs — 2Cs
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By squaring, we get

C248 + o {20809 FC2(1+e) +20,0;(1+e)? +C2(1+ 61)} +
Syt {cg +205C10 — 6C2 (1+ e1) — 8C4Cr (1 + e1) — 203} +
422 {2CsC10 + 12C2 (1 + €1) +8C4Cr } + C3 — 8C% =0

Put,

{20809 L O2(14e)? £20007 (1 +e)® +C2 (1 + 61)}

Dy = e
{082 + 2CyCHg — 60? (1 + 61)2 - 8C4Cr (1 + 61) — 202}
Dy = C’g
Da — {208010 + 120? (1 + 61) + 80407}
3 — 092
C?, —8C2
Dy = 10 7
4 Cg

Therefore, we get an algebraic equation of the eight degree in z,
’IS + D1:L’6 + DQ.’E4 + D3{E2 + D4 =0

3.3. For the third configuration
The initial impulse is at apo—apse.

We have the following relationships:

velocity a fter initial impulse

velocity be fore initial impulse

n(lter)
o CLT(l—CT)
B p(l—ey)
ay(l+er)
For Fig. 3,
ar (1 —er) =aj (L +e1)
Then,

1
x = 1+6T l+er=a*(1—ep) l—er=2—2*(1—e¢)
Vi—e

But, we have

p(l—er)

V1:7)A(w_1):(m_1) a1(1+61)

p(l—e)

Vi= (- 1)y
2

where by =ai (1+e1)
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Therefore,
avi _ [p(l—e)
dzr bg
We have, from Fig. 3.
ar (1 + eT) = a9 (1 + 62)

and
2:@:1—62
g vy,  l—er
gy — p(l—er)
aT(1+eT)
gy = 1| P €2)
as (14 e3)
whence
1—e
2 _ 2
TTY T )
- 1762
= 2—22(1—ey)

dn _ m(l—el)\/@
dv {2 22(1—¢))}?

2 x2(1 —
1}31:\/”{ x ( 61)} with b4:a2(1+62)

ba

dvpr _ [p —z(1—e1)
dr @Lz—ﬂ(l—eo}%]

The second impulse,

Va = vp1\V/1+ 1% — 2ncos a

v, d
22 _ vBl\/1+n2—2ncosa+vgl
dx dx

(n—cosa)g—z
V1+n% —2ncosa

Substituting for vg1, dvpy/dz, n, dn/dx we may write

We_ B cl-a)
dx b4 {2 — 2 (1 _ el)}1/2

VI—ecosa—{2—2?(1- 61)}1/2

[{2 —22(1—e)}+(1—e2) =2/ (1 —ex) {2 —22(1 - el)}cosoz}

95

(52)
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But we have for optimum condition
dvi dvy
d e
From Egs (52) and (53), we get
L _ —xv/1—eq
Vby /by {2 —22(1 —e1)}
VI—ecosa—{2—2?(1- 61)}%

[{2 —22(1—e)}+ (1—ex) — 2/ (T —e2) {2 — 22 (1 —e1)]} cos a} ?
2%by (1 —€1) (1 — e2) cos® a — 22%by (1 — e1) VI —ex {2 — 2% (1 — el)}% cos
+2?b(1—e){2—2*(1—e))} =t {2—2*(1—e))} [{2—-2°(1—e1)}
+(1—e)—2vV1—ex{2—2*(1— 61)}% cosoz}

Let
g1 ="by (1 —e1) (1 —e3)cos’a g2 = —2by (1 —e1) /1 —ezcosa
g3 =ba (1 —eq) gs = by (1 —e2) g5 = —2bs\/1 — ex cos
dnp _ x(1- er) VIi—ex
dr - 2-a2(1- e}
whence
2?{g1 +2g3 +4bs (1 —e1) + g2 (1 — 1)} + a* {*93 (1—e1)—bsa(l— 61)2}
—4by — 294 = g5 {2 — 22 (1- el)}% — 229y {2 — 22 (1- 61)}%
put

g6 = g1 +2g3 +4bs (1 —e1) + g4 (1 —e1)
g7 =—g3(1—e1) —bs (1 —e)?
gs = —4bs — 2g4

After squaring, we get

g7a® + af {29697 +g2(1—e1)’ + 20295 (1 —e1)” + g3 (1 — 61)} +
+2t 492 + 29798 — 692 (1 — 61)2 —8gogs (1 —e1) — 2g§} +
+22 {2g69s + 1292 (1 — €1) + 8gags } + g3 —8g2 =0
Let
90 = {20697 + g2 (1= €1)° + 20295 (1 — 1) + 3 (1 = 1) } /g2
g10 = {gé + 29798 — 692 (1 —e1)” — 8gags (1 —e1) — 29%} /93
g11 = }29698 +12¢2 (1 — e1) + 89295} /97
g12 = 952; - 89?}/9%
Therefore, we get an equation of degree eight in x in the form

2% + gox® + groz* + g1122 + 912 =0 (54)
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3.4. For the fourth configuration

The initial impulse is at apo—apse.
And we have

(1l —er) p(1l+e2)
vBl = ———= —_—
ar (1+€T) ao (1—62)
From Fig. 4, we notice that

ar (1 + eT) = a9 (1 — 62)

Therefore,

_\/u{2—x2(1—61)} (L o)
UB1 =

b3 VB2 = b3
dvpy _ [ —z(1—e1)
dz \/ b3 (2-22(1—e1))?
_ UB2 _ 1+eo
7]_’031_ 2—1}2(1—61)

dn _ $(1—€1)m
dv {222 (1—¢))}2

Vo = vBl\/1+772 — 2ncos a

where b3 = ag (1 — e2)

Let

dv; d 3 —cosa) 21
472 _ 4B (1—|—772—2ncosoz)2—|—v31 (n )& T
dx dx (I1+n%?—2ncosa)?

dva _ 1 e
@ e 0 (55)

VItecosa—{2—a2(1 —el)}%
[{2 —22(1—e)}+ (1 +e) —2y/(1+e){2—22(1— el)}cosa}

N

But, from optimum condition
d

% (Vl "‘ VQ) = 0
Using Egs (52) and (55), we get
-1 /1 — e

Vis b 2-22(1—e))
V1 + egcosa — {2 — 2% (1 - el)}%
{{2 —22(1—e1)}+(1+e)—2yT+ex{2—22(1— el)}% cos

Nl
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ie.
2%by (1 —€1) (1 + e2) cos® o — 22%by (1 —e1) VI + ep {2 — 2% (1 — el)}% cos &
+a%by (1 —e1) {2 —2%(1 - 61)} = b3 {2 —2%(1— el)}2
+b3 (1 + e2) {2 —2%(1— el)} — 2b3M{2 —2%(1— el)}% cos o
Let
Elzbg(l—el)(l—&—eg)coszoz Ey = —2by (1 —e1) V1 + escosa
Es=by(1—¢) E;=b5(1+e3) E5 = —2b3+/1 + egcosa
Then
22 {El + By {2 — 22 (1- el)}% + E5 {2 — 22 (1- el)}}
={2-a?(1—e)} [l {2—2* (1= e0)} + B+ B {2 -2 (1 - e)} ]
ie.
@ {Ey + 285+ 4by (1 — ) + By (1 — e1)} + 2 {ng (1—e)—by(1— 61)2}
by~ 2B, = B {222 (1—e)}? — 2B (2 — 22 (1— 1)} ?
Put

EGZEl —|—2E3+4b3(1—€1)+E4(1—61)
Er=—F5(1—ey) —bs(1—e)? Eg = —4bs — 2B,

By squaring, we get

(2Bs + 0 Er + Bs)° = B2 {2 =2 (1 — 1)}’ — 2B2 B2 {2 — 2® (1 — )}

+E3xt {2 -2 (1 —e1)}

i.e.
B30t + 28 {26 By + B2 (1 1)’ + 255 (1 — 1) + B (1 - e1) | +
ot { 2 +2B7Bs — 6E2 (1 - e1)” — 8E3E5 (1 - e1) — 2E3 | +
+a? {2E¢Es + 12E2 (1 — e1) + 8E3E5} + EZ —8EZ =0

Let

Eg = {2E6E7 + Eg (1 - 81)3 + 2E2E5 (1 - 61)2 + E% (1 - 81)} /E'?
E10 = {Eg + 2E7E8 - 6E52 (1 - 61)2 - 8E2E5 (1 - 61) - 2E22} /E%

Ell = 2E6E8+12E52 (1_61)+8E2E5}/E$
Eis = Eg —8E§} /E?

Finally, we get an equation of degree eight in x

8 + ngﬁ + E10$4 + E11$2 +FEi=0 (56)
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4. Reduction to coplanar classical Hohmann system
4.1.

Evidently when we set a = 0, we reduce to the coplanar case. For the first config-
uration, we have

dV1 - [1,(1-’-61)

dr by
\/u{2—x2 (1+e1)}
UB1 =
by
dvpi

o H
dr ={ x(1+61)}\/b4{2_x2(1+€1)}
Set a = 0 in Eq. (47), then

Vo =wvp1 (1 —1n)
dVs ( dﬁ) n dvpi

dr - UBl dx

dx

(1-n)

After some reductions, the first derivative is given by

dVo — e -
%_{ (1+ 1)}\/b4{2_x2(1+61)}

The optimum condition is

d
Z(Vi+Vo)=0
dm(1+ 2)

i.e.

% +{—z(1+e)} ﬁl T e

From which

x:i{(lﬂjiil +b4)}é (57)

4.2,

Similarly for the second configuration, we have

dvi  [p(l+er)

dr by

1
Vo=vp1 (1+1*—2n)% =vp (1—1)

dvp d dvgy
EivBldx(l m)+ dx (1=m)
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By a similar analysis, we get

e _ —x e K
%*{ (1+ 1)}\/b3{2—$2(1+61)}

From the optimum condition

d

a(V1+V2):O

We get

R Y

2?1 e))

i.e.

2b3 2
=+ 58

* {(1+e1)(b1+b3)} (58)

4.3.

Similarly for the third configuration, when o« = 0 , we have

av; 1—e
T;: ’U/(b721) and ‘/2:1231(1—7’])

By substitution

= ﬂ [{2-a?(1—e}”” - VI—e

dvs i
22 (1=
dr { 1'( 61)} \/b4{2—$2(1—€1)}
For optimum, we have
d
Iz (Vi4+V2)=0
ie.
\/u(1—61)+\/,u(1—61) —xy/1— ¢ —0
by by (222 (1—e1)}?
Finally
2by 2
=+ 99
o=+{ et 59
4.4.

For the fourth configuration, when o = 0 , we have

1_
i = p=el) and Vo =wvp1(1—n)
dx b2
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I/Q\/Z[{sz(lel)}

dVa o A
%_{ (]. 1)}\/1)3{2_372(1—61)}

Applying optimum condition

By substitution

N

~VITe)

%(VwVQ):o
Then
\/M(1—61)+\/M(1—61) [ —zy/T—er 1:0
by by [{2-22(1—e1)}?
’e’_ 2,
x‘i{umwm+b@} (60)

Moreover, we may set e; = es = 0 (the original Hohmann classical circular orbit
transfer) and find the corresponding equalities.

5. Numerical Results

We regard the Earth-Mars transfer system, the data available are [10]
ap = 1.00000011 erp = 0.01671022
ap = 1.52366231 en = 0.09341233
Let o = 25.5% = 0.4451 rad.

5.1.

Relevant to first configuration, we have

uy = —5.3512 wo =11.2976 w3z = —11.2720 wuy = 4.4541

By solving Eq. (49), using a Mathematica program, we acquire the following 8
roots:

x12 = £1.30043 234 = £1.12807 x5 = 1.14726 + 0.3499197

27,8 = —1.14726 + 0.3499191.

5.2.

Similarly relevant to second configuration,
Dy = —4.6236 Dy =8.5415 D3 = —T7.6817 Dy = 2.8272
212 = £1.24936 w34 = £1.08291 256 = —1.0459 = 0.385868 1
x7,g = 1.0459 £ 0.385868 1

5.3.

With regard to third configuration, we have
gg = —5.3043 g10 = 11.0255 g¢1; = —10.7918 g2 = 4.1914.
x12 = +1.30264 34 = £1.13589 x56 = —1.12743 +0.3354361
x7g = 1.12743 £ 0.335436
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5.4.

As for fourth configuration,
Eg =—4.8370 FE19=19.4059 FE;; =-8.9407 Fj5 = 3.4691
x10 =£1.09547 x34 = £1.2786 56 = —1.07954 £ 0.405399 1
x7.8 = 1.07954 £ 0.405399 1
Whence the following table

Table 1
Configuration Tpin, (@ #0) | Zpin. (o = 0)
) 1.1281 1.1122
(D) 1.0822 1.0720
(110 1.1359 1.1239
() 1.0955 1.0824

6. Conclusions

We pointed out four feasible configurations for the elliptic Hohmann bi-impulsive
transfer. We considered the problem as a change of energy of the vehicle. We
computed the increments of energy Avy , Avg at peri-apo—apse due to motor
thrusts, for the four feasible configurations Eqs. (20), (21), (31), (33), (37), (39),
(43), (45). Our parameter is  [9] which is a measure of the initial perpendicular
impulse at peri—apse and apo—apse. We established the optimum condition

a4

dx(V1+V2):0

using the cosine law and the application of ordinary infinitesimal calculus. We
eliminated after a rather lengthy reductions and rearrangements the power fractions,
and we attained an algebraic equation of the eigth degree in z, which could be
resolved numerically. We determined the 8 roots for each of these four algebraic
equations. The resolution yield real as well as complex roots, positive as well as
negative roots. Only one real positive root is adequate and consistent with our
assumptions, for the adopted Earth—Mars Hohmann elliptic transfer. A reduction
of the problem to the coplanar transfer case occurs by setting & = 0. A second
degree algebraic equation in x results when we set a = 0. We have the following
four propositions corresponding to « , e1, es is equal to null or not:

I a#0 e1, e2 #0

(II) a#0 e1, e =0

(III) a=0 e, e2#0

(IV) a=0 e1, e0 =0

(I) represents the elliptic non—coplanar case whilst, (IT) represents the circular
non—coplanar case, and (III) relevant to the elliptic coplanar case, whilst (IV) is
relevant to the circular coplanar case. It is obvious from table 1 that

[2]oe = 1.0822
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represents the most economic expenditure of fuel since it is the least value of x for
a # 0, for the Earth—-Mars transfer system. Similarly for a= 0

2] = 1.0720

is the most economic. Both are relevant to the second configuration where apo—
apse of transfer orbit coincides with peri—apse of final orbit, the primary is at left
focus. We note that
[I]a;ﬁo > [ ](XZO
which indicates that the energy needed at initial impulse for non—coplanar Hohmann
elliptic transfers exceeds that for coplanar ones.
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Nomenclature:
aq semi—major axis of initial elliptic orbit
as semi—major axis of final elliptic orbit
ar semi—major axis of transfer elliptic orbit
e1 eccentricity of initial elliptic orbit
€ eccentricity of final elliptic orbit
er eccentricity of transfer elliptic orbit
Avy increment of velocity at point A
Avp increment of velocity at point B
W constant of gravitation
r radius vector measured from center of attraction
v scalar velocity
Avy + Avg  classical characteristic velocity
x single parameter of optimization
« single plane change angle
n velocity after second impulse / velocity before second impulse
%1 magnitude of first impulse
Vs magnitude of second impulse



