Mechanics and Mechanical Engineering
Vol. 16, No. 2 (2012) 81-89
© Technical University of Lodz

Effect of Galactic Rotation on Radial
Velocities and Proper Motion
Part 11

Osman M. KAMEL
Astronomy and Space Science Dept.
Faculty of Sciences
Cairo University, Giza, Egypt

Adel S. SOLIMAN

Theoretical Physics Dept.
National Research Center
Dokki, Giza, Egypt
adelssoliman7@Qyahoo.com

Received (13 October 2012)
Revised (15 December 2012)
Accepted (5 January 2013)

We express the geometrical and algebraic aspects of the problem of galactic rotation on
the motion of the stars represented by fig. (2). We verify the equations involving third
order terms of the orbits of the stars. That means taking into account higher order
terms in our analysis, namely up to O(r/Rg)3. These terms allow a generalization and
high precision for the results. We acquired a higher order Taylor’s expansion for V' as
denoted in fig. (2). U’, V' are the linear components of the velocity of the group of
stars S. After some lengthy expansions and reductions, we obtained the formulae for U’,
V’. Consequently &, 1, ¢ the linear components of S corresponding to the two proper
motion equalities in galactic longitude and latitude and radial velocity Ap. Expansions
are performed up to the third order in (r/Rp).
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1. Introduction

We devote the introduction as in Part I, to the assumptions, of the following
Fig. 1.

e S denotes a group of stars at mean distance r from Sun, and z from galactic
plane. X is in the direction of the galactic center C' (long. Gp), Y axis in
long. (90 + Gy), Z perpendicular to galactic plane.
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e S is in circular velocity, for the time being, Vabout the axis CW parallel to
OZ and parallel to galactic plane. The distance from S to CW is denoted by
Ry. T is the projection of S on XY plane, CT = Rs.

A

e V could be represented by a vector along T'A, with components V sine and
V cos e parallel to OX and OY respectively, ¢ is the angle OCT, L = G — G,
Gy the galactic long. of C' the center.

1.1. FEquations with third order terms for the orbits of the Stars

Relative to O, the linear components of S are U* parallel to OX and V* parallel to
OY, where

U’ =Vsine (1)
V' =Vecose —V (2)

The component W* = 0.
It could be proved that

~U'sinL+V'cosL = ¢
—U'cos L sing—V'sinL sing =1 (3)
U'cosL cosg+V'sinL cosg = ¢

Where &, n, ¢ are the linear components of S corresponding to the proper motion
components Aug cosg, Apg and Ap the radial component respectively; G, g the
galactic coordinates of S, more specifically g is the galactic latitude of the group of
stars S.
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Also from spherical astronomy it could be proved that
k
§=—Apgcosg
p
k
n= EAUQ (4)
¢=A4Ap

The distance r in parsecs is 1lp where p is the parallax in seconds of arc; whence

& =krApgcosg

n=krApug (5)
¢=A4p
The general expansion of V = V(Rg, 2),
putting
Ry = Ry+AR=R (6)
oV oV 1 o [0%V 0%V
= AR | = — - (A — A
V.= W+ R(BR)+Z<8,Z)+2( k) (am)“ R(aRaz)
1, [(0?V 1 3 (O3V 1 o [ O3V
*32 <az2 > +5 (AR grs ) 27 (AR GReas @

1, 3V 1, (0%V
37 (AR) <8R8z2) 57 \ o

The differential coefficients being evaluated at O i.e. R = Ry and z = 0.
For symmetry to the galactic equator

oV 9V
0z  OROz 0 (8)
Thus
V = Vo4 aAR + b(AR)® + ¢2? (9)

up to the second order of smallness, where

= (5n)

1 (?V
b=3 (c’)R) (10)
1 (6?V
c=—- | —=
2\ 022
Now s
R=Ry=Ry+AR=(R2—2RoRycos L+ R?)" (11)

Also, we have

Ri =rcosg

z=rsing
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To the third order in r» we find that

2
r r 1

T cos L + <R0> {4(1—cos2L)}
r\° (1
L) {2 (cosL — cos3L

+<Ro> {S(COS cos 3 )}

AR = Ry

(13)

Whence by squaring
(AR)® = R? [(é’o)Q {3 (14cos2L)} — (RLO)B {3 (cos L — cos 3L)}} (14)
(AR)® = R} [— (Rg))3 {L (3cos L + cos 3L)}] (15)

Also we may write

ARk _ ~ L cosLcosg + i 2 {1 — cos2L + cos2g — cos 2L cos 2g}
Ry Ro 978\ R g g
(16)
1 r\?
—&—3—2 e {3 cos Lcosg — 3 cos3L cos g+ cos Lcos3g — cos 3L cos 3g}
0
We have also
B _ 1+ — cos Lcos —|—1 - 2{1 + 3 cos2L + cos2g + 3 cos 2L cos 2g}
R, Ro 978\ R g g
(17)
1 r\?
—&—3—2 (R) {9cos Lcos g + 15cos3L cos g+ 3cos L cos3g + 5 cos 3L cos 3g}
0
where
Ri =rcosg
(18)
AR R\ R i
S 144 () -2 eos L
R +{ +<RO> Rocos }
1.2. Investigation of the expansion for U’
From Fig. 1, U’ = Vsine, we may write
oV v BV PV
= =0 (19)

92 9ROz OR20z OROZ2
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v = |vt+ar( 1(AR) OV L0V
- OR 0R?) " 27 \ 922
(20)
1 o’V PV .
6(AR) <8R3) +6 <8 3 )} sine
i.e.
U= {VO +aAR+b(AR) + cz> + d(AR)® + ezs} sine (21)
where
0% 10%V 10%V 10%V 1 /0%
a = —— = - — C= —— = = — = — —_— (22)
OR 2 OR? 2 022 6 OR3 6 \ 023

R, r Ry r
sine = —sinL = —cosgsinL = — —sinLcosg
) Ry Ry Ry

Neglecting O(r/Ry) > 3 we derive, after some long reductions,

arrangements, the following expression for U’,

U' = cosg{VO sin L +rAsin2L cos g}

(23)

substitutions and

Ry
r\? 3 3.1
+(0> H 3—2‘/0 32aR0+ (16()—1—4c) R%}sinLcosg
+ 1V+ Ry + Ly 2o) R2 Lsin £ cos3 (24)
35 /0 T 550k 160~ 7¢) Bo sinLeos3g
+ gV — gaR + bR2 sin 3L cos
320 3290 T 1600 g
3 3 1. o\ .
+ {32‘/0 - ﬁaRo + 16bRO} sin 3L cos 39]
where \% ov 0?V
1/ Vo 1
A== — — = — = —-— 2
2 <R0 a) “TBR 2 0R?2 (25)
1.3. The Expansion of V'
The verification runs as follows, from Fig. 1:
V' =Vcose -V (26)
cose =1 L sin?e = 1 L(r 2s'112L(:os2 (27)
2 Ry g
sine = <T> sin L cos g (28)
Ry
ov 1 s (O?V 1 ,0%*V
V=W+AR — (AR | —5 —2—
ot <8R)+2( ) (8R2)+2Z 922
(29)

PV

1 L[V 1
Z (A z Z83Z
5 (AR) <8R3)+6Z 927
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ie.
V =Vo+aAR+b(AR)® + ¢2® + d (AR)® + ¢2° (30)
Where
L eV v ey aev
OR 2 OR? 2 922 6 OR3 6 023

After some similar reductions and substitutions,

A
V' = —arcos Lcosg — 12 cos’ g {Rsin2L —bcos? L — ctaan}
0

+r3 [{3@ — ii — gd} cos Lcosg

3
——————— d\ cos Lcos3 32
+{16R3 16R, 16 }COS 0599 (32)

3a 30 3
A A S L
+{ 67 "16R, 16 }COS?’ osg

1 a 10 1 . 3
+{_16R(2)+16RO_16d}C083L00539+esm g

Where z = rsing

1.4. Formulae for radial velocity, proper motion in galactic longitude
and latitude

We have

Ap="U'cosLcosg+V'sinLcosg=( (33)

After some laborious substitutions, arrangements and reductions, we may write
finally
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Ap = rAsin2L cos? g + irQ cos® gsin L {_}?0 +b+ 4ctanzg}
—l—i?ﬂ cos3gsin 3L {3;%40 + b}
(1;,0)3 H (634% 634aR0> 16cR0 332R0d} sin 2L
G
+ { (64 0
{(128 - 1158“R0) + %bRg - 3R§d} sindL
(s

2
+ —V— o R +ibR ——R?’d in4lL cos4
128 07 128110 ) T390 T gy S 2L oS 29

—|—Roe sin L tan® g cos? g]

_|_

1 1 .
6V + 1aR0> — SRgd} sin 2L cos 2g
1

v
V+iR —iR2—iR3d in2L cos 4

64a0 1600 3310 sin 2L cos 4g
"

+

1
+ aRo> + gbRg R3d} sin 4L cos 2g

16

For purposes of numerical analysis, Ap can be written in the form,

Where,

Ap=A;sinL + Aysin2L 4+ Azsin3L + Aysin4dL = ¢

A
A = —r?cos®g {_R +b+ 4ctan2g} +rletan’ g cos’ g
0

3
r 3 3 1 ., 3
_ il il - — 2 R3d
Ro> HMVO+64aRO+160RO 551 }

1
4
[ 9 15 9
Ay = <Ro> H 128V 198 aRo+ bR RO }

3 5 9
_ 2 _ = 59
{32 Vo 3 aRy + bR 16R0d} cos 2g

3 5 9
+9—Vo— — + = 4
{128 0 128aR0 32bR0 64R0d} cos g]

87

(38)
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1.5. The expression of £ = —U'sin L + V' cos L

We finally reach the following formula, after tedious computations
1 3A 9
§E=rcosgq Acos2L + B + ZrcosgcosL R + 3b+ 4etan“g
0
1 A
+4retan® gcos g + ~7 cos g cos 3L 34 +b
4 Ry
_|_7a3 i&+ii_ii_li_gd cos
64R3 " 64R2 16R, SRy 32 g

1V la 1b lec 3,
64]-1’3 64R2 16R0 S8Ry 32

3V, 3 a 3
~ 24 ) cos2L
+( 16R3 16R2 8R0 3 )cos cos g (39)
1 V[) 1 a 1
% Z4) cos2Lcos3
+( 6R " 16R: 8R0 8) 008 2L cos 39
9Vy 15a 3
— 2.d) cos4L
+(64R8 G " 16 Ro 32 ) CORRLCOSg
3 V() 5 a 1
20 04 ~ —d) cosAL
* (64 R AR 16 RO 32 )COS Cosgg}
where,
LoV ety 10 _ 1oV _ 1oV
- OR - 20R? © 2022 - 60R3 6023
(40)
Vo Vo
A=- (20 B=A-2
(Ro a) Ry
1.6.

The expression of n = —sing (U’ cos L + V'sin L)

We may write the following formula after some hard calculations and reductions
1 . . 1 2 . . 2 A 2
n= —irAsm2Lsm2g v sin L sin g cos” g R + b+ 4ctan” g
0

: 1 3A
+4retan® g cos g) - ZTQ sin 3L sin g cos? g <R + b)
0

, {(?}21‘2’+?}2;%+;Rco 16d>sin2Lsin2g
(6143;’ &%—;é—;d>81n2lzsin4g
+(6?21 g‘; — 654]%+116RE)0 312d> sin4L sin 2g
+ (128 gg _128]%+312£0 —614d) Sin4Lsin4g}

_|_
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2. Discussion

Firstly, we assigned the equalities for £, 0, (, the linear components of S correspond-
ing to proper motion equations and radial velocity. We write down the equation
for V up to third order terms. We calculated algebraically (AR), (AR)*, (AR)?,
AR/Ry, Ry/Ry up to the order O (r/Ry)* .

We write down the expansions for U’, V' up to third power in (r/Rp) .

We cited the equalities for ( = Ap the radial velocity component, and the
formulae for proper motion in galactic longitude and latitude £, n after some lengthy
and hard calculations.

Expansions are performed up to order 3 in (r/Ry), which yield higher accuracy
in numerical results and progress in the development.

We stress on the dynamical points of view of this problem in this treatment.
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