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We express the geometrical and algebraic aspects of the problem of galactic rotation on
the motion of the stars represented by fig. (2). We verify the equations involving third
order terms of the orbits of the stars. That means taking into account higher order
terms in our analysis, namely up to O(r/Rg)3. These terms allow a generalization and
high precision for the results. We acquired a higher order Taylor’s expansion for V as
denoted in fig. (2). U‘, V¢ are the linear components of the velocity of the group of
stars S. After some lengthy expansions and reductions, we obtained the formulae for U*,
V¢. Consequently &, n, ¢ the linear components of S corresponding to the two proper
motion equalities in galactic longitude and latitude and radial velocity Ap. Expansions
are performed up to the third order in (r/Rp).
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1. Introduction

We devote the introduction as in Part I, to the assumptions, of the following Fig.
(2).

(i) S denotes a group of stars at mean distance r from Sun, and z from galactic
plane. X is in the direction of the galactic center C (long. Go); Y axis in long.
(90+Gy); Z perpendicular to galactic plane.

(ii) S is in circular velocity, for the time being, Vabout the axis CW parallel to
OZ and parallel to galactic plane. The distance from S to CW is denoted by Ry; T
is the projection of S on XY plane, CT=Rs.
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(iii) V could be represented by a vector along TA, with components
V sine and V cose parallel to OX and OY respectively, ¢ is the angle OCT,
L=G-Gy, Gg the galactic long. of C the center.

2. Equations with third order terms for the orbits of the Stars
Relative to O, the linear components of S are U* parallel to OX and V* parallel to
QOY, where
U' =Vsine (1)
V' =Vecose —V (2)
The component W= 0.
It could be proved that
~U'sinL+V'cosL =¢
—U'cosL sing —V'sin L sing =17 (3)
U'cosL cosg+V'sinL cosg = (
Where &, n, ¢ are the linear components of S corresponding to the proper motion
components Augcosg, Apg and Ap the radial component respectively; G, g the
galactic coordinates of S, more specifically g is the galactic latitude of the group of

stars S.
Also from spherical astronomy it could be proved that

k k
£= EAHG cosg n= ;Aug (=Ap (4)

The distance r in parsecs is 1lp where pis the parallax in seconds of arc; whence

& =krApgcosg n = krAp, ¢C=Ap (5)
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The general expansion of V = V(Rag, z), putting

Ry=Ry+AR=R (6)
ov )% 1 0°V 0*V

- V0+AR<8R>+Z<8 ) L any (3R2)+ AR<8R8Z>

1, [V 1 PV 1 o [ OV

3% (azz)%(“’”) (3R3>+ 2 (AR 3Rzas Q

1, B3V 1 5[0V
37 (AR) (3R3z2> R
The differential coefficients being evaluated at O i.e. R = Ry and z=0.
For symmetry to the galactic equator

oV 9V
9z 0ROz =0 ()
Thus
V = Vo +aAR +b(AR)? 4 ¢2? (9)
up to the second order of smallness, where
oV 1 [/0*V 1 [/0*V
“= (az%) 3 (aR) ‘=3 (a) 10)

Now

R=Ry=Ro+AR= (R~ 2RoRy cos L+ R2)"/?

Also, we have

Ry =rcosg z=rsing (12)

To the third order in r we find that

AR = Ry —R—OC%LJr (1%)2 {i (1 —cos2L)}
(13)
+ (};0)3 {; (cos L — cos 3L)H
Whence by squaring
(AR)? = R? (];0)2 {; (1 +COS2L)} - (g{))g {i (cos L — cos3L)} (14)
(AR) = R} |- (};’0)3 {i (3cos L + cos 3L)} (15)
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Also we may write

AR ?
T = _RLO cosLcosg+ — 5 (1;0> {1 —cos2L + cos2g — cos 2L cos 29}
(16)

3

1

—l—— (];) {3cos Lcosg — 3 cos3Lcos g+ cos Lcos3g — cos 3L cos 3g}
0

We have also

1 2
B _ =1+ —cochosg+ {1+ 3cos2L + cos2g + 3cos2L cos 2g}
Ry Ry Ro

(17)

3
+— <}; ) {9cos Lcosg+ 15cos3L cosg + 3cos Lcos3g + 5cos 3L cos3g}
0

1/2
B AR Ry Ry
Ry =rcosg o 1+{1+<R0> 2ROCOSL} (18)

2.1. Inwvestigation of the expansion for U’

From Fig. 2, U’ = Vsine we may write

v A A _ 0 (19)
8z ORIz OR20z 0OROz2

oV 1 o?V o2V
o [ on (20)  Liams (20 4 1 (21
1 3 (O3 BV .
+6 (AR) <8R?’> —|—62 (8 3>] sine

U' = {Vo +aAR+b(AR)* + ¢z? + d(AR)® + 62’3} sine (21)

(20)

where

Gy Ve 1PV 1OV LDV
IR - 20R2 2922 "~ 6 0R3 6\ 023

R
smg—R—2$mL—R—zcosgsmL—R—QR—OsmLcosg (23)

Neglecting O(r/Rp) > 3 we derive, after some long reductions, substitutions and
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arrangements, the following expression for U,

/

L cosg {Vosin L + rAsin2Lcos g}

2 - sin L cos
+( 0) H Yo 32“RO+<16H4C)R°}SIH e
+ 1V+ Ro+(—b—1c) R2 sinLeos3 (24)
—35 " a 0 % Zc 5 ¢ sin L cos 3¢
+{392V0 aRO+bRO}sin3Lcosg
+ 3V f—aR + bR2 sin 3L cos 3
330 0t 760 9
where
1/ oV 10%V
! (RO ) a= 2V Sl (25)

2.2. The Expansion of V’

The verification runs as follows, from Fig. 2

V' =Vcose -V

coseflf%sm 511<];))Qsin2Lcoszg (26)
sine = (Ro> sin L cos g (27)
V=V, +AR (g;) ! ~ (AR)? (gi;) + %/22‘227‘2/ (28)
(AR) (223) %ZS% (29)
ie.

V =Vo+aAR+b(AR)® + ¢2® + d (AR)® + e2° (30)

Where
LoV 102V 10V 10°V _1eVe

TR T20r2 T 2022 T60R? T 603
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After some similar reductions and substitutions,

A
V' = —arcos Lcosg — r?cos? g {RsinzL —bcos? L — ctan2g}
0

3 3 b 9
1B Ha fffff d}cochosg

1 a 15 3
——————— d\cos L 2
+{16R3 67 16 }cos cos 3g (32)

3 a 3 b 3
—— st == — —d L
+{ 16R3+16R0 16 }cos?) cos g

1 a 10 1 . 3
—&-{—16R(2)+16R0—md}cosSLcos3g+esm g

Where z = rsing

3. Formulae for radial velocity, proper motion in galactic longitude and
latitude

We have
Ap=U'cosLcosg+ V'sin Lcosg = ¢ (33)

After some laborious substitutions, arrangements and reductions, we may write
finally,

1 A
Ap =rAsin2L cos® g + 17"2 cos® gsin L {_R + b+ 4ctan29}
0

4

r\® 3 3 1 3
— —Vo+ —aR —¢R? — —R3d }sin2L
+(RO) [{(64 0t 51 0>+160 07 30 }Sm

1 1 1
+ (VO + aR()) — SRgd} sin 2L cos 2g

+1r2 cos® gsin 3L {3A + b}
Ry

16 16
Lyt Laro) = Lerz - Lr3alginor cos dg+ (34)
640 620 ) T g0 T g ttod B AR COSSg

9 15 3 3
oy 2 SR — 2 R34 sindL
(128V0 128“R°) 50 — Gy fto }Sm

3 5 1 1 ,
(321/0 - 32aR0> + gbRS — ngd} sin 4L cos 2g

3 5 1 1

—Vo— ——aR —bR§ — —Ryd ¢ sin4L cos 4

+{(128 °7 128" 0) T T gyt }Sm 5%
—|—Rge sin L tan® g cos? g]

For purposes of numerical analysis, Ap can be written in the form,

Ap=A;sin L+ Aysin2L 4+ Agsin3L + AysindL = ¢
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Where,
Lo 3 A 2 3 3 4
Alzzr cos” g —R—O+b+4ctan g ¢ +r’etan” gcos” g (35)
As =rAcos®g
3
r 3 3 1 5 3 3
— — — — — —R3d
+<R0> {{64%+64GR0+160R0 53770 }
1 1 1,
+ E‘/()+ECLR0**ROCZ cos 2g (36)
+ iV —&-i R R2 R d 54
640" a0 16C L TR
1
Ag = Z’I‘Q cos?’g(SRO—i—b> (37)
r 9 15 3
Ay = = Vi b 2 —R3d
4 <R0> {{128 0~ qggfo T 550H0 64R0}
+ EAVRENL I +1bR2 R d ¢ cos?2 (38)
3207 3270 TR 0 g

3 5 9
+ {Vo — —aRy+ 2bRO 64R0d} 00549]

3.1. The expression of ¢ = —U’sinL + V' cosL

We finally reach the following formula, after tedious computations,

1 A
grcosg{ACOSQLJrBJr ZrcosgcosL <i; +3b+4etan? g
0

1 3A
+4retan® gcosg + -rcosgcos3L [ =— +b
4 Ry

_1_7,.3 i&_’_ii_ii_li_gd COS
64R3 " GARZ 16R, SRy 32 g
1V 1 a 1 b 1 ¢

+(64Rg>+64R2_16R0+8R0 32‘000539

+(136“R;08+ 136 };12 8Rod) cos2Lcosg (39)
+(_116;§+116}§2_8R0 ;d> cos 2L cos 3g

+((31;%_ (137?152 6 Ro 332d> cos4L cosg

+(634}Z%_ 6574];2 6 Ro 312d> cos4Lcos3g}
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where,
v 1V 10V 1PV
- OR "~ 20R? 2022 - 60R3
(40)
103V 1/ V Vo

3.2. The expression of n = —sing (U’ cos L + V'sin L)

We may write the following formula after some hard calculations and reductions,

1 1 A
n= —irAsiHZLSiHQQ — ETQ sin L sin g cos® g <_R + b+ 4ctan’® g
0

1 3A
+4re tan® g cos g) — 17’2 sin 3L sin g cos? g (R + b)
0

1 1 a 1 ¢ 1

3 0 . .

A2y 42 2 ) sin2Lsin2

" {(32Rg+32R3+8R0 16)Sln S
(1 Vo 1 a 1 ¢

_|_

1
— -4 - = d ) sin 2L sin 4 41
6iR3 T G4RZ  16R, 32 >Sm S (41)

3Vo 5a 1b 1
20 24 = ) sindLsin?
(64 R GdRZ T 16R, 32 )Sm i

3 Ve 5 a L b 1N . .
DY 2 4 L0 L) Gin4Lsing
+(128 R 18R 32 R, 64 )Sm sin g}

4. Discussion

Firstly, we assigned the equalities for £, 7, (, the linear components of S correspond-
ing to proper motion equations and radial velocity. We write down the equation
for V up to third order terms. We calculated algebraically (AR), (AR)®, (AR)®,
AR/Ry, Ro/Ry up to the order O (r/Ry)>.

We write down the expansions for U’, V' up to third power in (r/Ry) .

We cited the equalities for ( = Ap the radial velocity component, and the
formulae for proper motion in galactic longitude and latitude £, n after some lengthy
and hard calculations.

Expansions are performed up to order 3 in (r/Rp) which yield higher accuracy
in numerical results and progress in the development.

We stress on the dynamical points of view of this problem in this treatment.
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