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Herein we lay the broad lines for the construction of a first order w.r.t planetary masses
Jupiter—Saturn theory — giving the orbital elements of the two planets at any epoch. This
is implemented by the evaluation of the R. H. S. of the original first order Hamiltonian
equations of motion. The first order Hamiltonian is composed of the first order secular
terms and the first order periodic terms. We restrict the periodic terms to be the
commensurate ones for the J-S (Jupiter-Saturn) subsystem. We give throughout the
text an idea to the extension of the theory to the case of the four major outer planets
J-S-U-N.
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1. Equations of Motion

The original first order Hamiltonian equations of motion, in terms of the variables
of H. Poincare’ for the J—S subsystem is given by

dL, __ OFi d\y _ _ OF
dt  — Oly dt OLy
dH, _ O0F dK, _ _ OF, (1)
dt — 0K, dt —  OH,
dP, __ OF dQ. _ 0F;

dat — 0Qu at — 0P,
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Where L, \, H, K, P, (Q are the Poincare*' variables given by:
L, = beta,vk*momo,a.,
H, = \/QLu (1 — \/@) COS Ty,
P, = \/QLUM (1 — cosiy) cos 2,

K, = —\/2Lu (1 - M) sinw,
Q. = _\/QLUM(l — COSiy,) sin {2y,

Fy — the first order generating Hamiltonian with respect to planetary masses,

F=Fgs+Fp (3)

F s is the first order secular Hamiltonian; F p is the first order periodic Hamiltonian
restricted to the small divisor terms, u = 5, 6 whereas 5 refers to Jupiter and 6 refers
to Saturn.

So, we may cite:

d(Lu,Hu,P.) _ O(Fis+Fip)

dt T O, Ky, Qu)

(4)
A, Kou,Qu) . O(Fis+Fip)
dt — O(Ly,Hu,Py)

2. Method and results

In general

n .4 2 3 n—1 n 4 3
k4tm2mg, 83 k*momo;Bi B3 ;
Fis = 3 S8 4 seeular part of 0y, >0 Syt (e (5)
=1 i i=1 j=it+1 J Y

with
2
L?

=
’ k2m0m0j5]2

where
k — The Gaussian constant
mo — mass of the Sun
a; — semi — major axis of planet j
o — small parameter of the order of planetary masses,
taken equal to 1073
o [3; =m; — mass of planet j
moj = (m0+m1 ++ mj_l) / (mOerl ++ mj)
A;; — mutual distance between planet i,j
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Thus for the subsystem J-S, we write

const  const

F = LU7 Hu7 Ku7 Pu; u) =
1S o ( Qu) Iz + 12
const | Vi Ve (HE +12) + Vi (P2 +Q3) +
Iz Vi (HE + K§) + Vs (P§ + QF) + (6)

Vo (PsPs + Q5Q6) + Vz (Hs He + K5Kg)

Where the V’s are functions of Ls, Lg ; or in an other explicit form, we may write
for the J-S subsystem,

k4m2m05ﬂ3 k4m2m06[33
Fis = Luy, Hyy Kuy Py, Q) = —— 75— R
15 1/’0( ) ) ) ) Q ) 2L§ ZL%

5,6 5,6 5.6
4\/ﬁf3 ’ (P5P6+Q5Q6)+ﬁf9 ’ (H5H6+K5K6)

Neglecting powers > 2 in the Poincare‘ variables.

The f‘s are functions in Ly, Lg .

Whence the constants and the V’s in eq.(6) can be easily identified.

Generally for the case of the four outer major planets (J-S-U-N), Jupiter, Sat-
urn, Uranus and Neptune, we may write

Fip =61F) + 02F1 + 03 Fy (8)
Where
nhFi=A [COS (5)\6 — 2)\5) 1 + sin (5/\6 — 2)\5) ’(/JQ] (9)
60 F1 =B [COS (2)\8 — )\7) 13 + sin (2)\8 — )\7) ’L/J4] (10)
0311 = C'[cos (2As — A7) P5 + sin (2As — A7) 6] (11)

Numbers 7, 8 refer to Uranus and Neptune respectively.

In the case of the construction of a (J-S) planetary theory, we are capable of
neglecting d F1, §3F7, since subscripts 5, 6 are totally absent in all terms of the two
equations (10, 11). A, B, C are given by the following equalities:

_ ok?Bs5 6 B_ ok?B76s C— ok?*moBrBsar
ag as ag

A (12)

Whence from the above we should write for the J-S subsystem:

Flp = (SlFl =A [COS (5)‘6 - 2)\5) 1/)1 + sin (5)\6 - 2)\5) 1/)2] (13)
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11 , Yo are polynomial functions of the P.V.; and are given by

1/11 = 1/11 (LmHuaKmPu»Qu) =

Us (Hs P2 — H5Q2 — 2K5P5Qs5) +
6 (HsP§ — HsQf — 2K5PsQs) +

(
Us (HeP?2 — HgQ?2 — 2K P5Qs5) +
o (HeP§ — HeQf — 2K PsQs) +
Uio (KePsQs + KePsQs — He Ps Ps + HsQ5Q6)

1/12 1/}2 (LuaHuuKuvpquu) =
[ U (K3
Us (—
Urs (—K5P2 + K5Q5 —2H5P5Qs5) +
Use (K5Qf — K5 P — 2H5 PsQs) +

(

Urs (K6Q3 — Ko P2 — 2Hg P5Qs5) +
Urg (K6Qf — KeP§ — 2Hg PsQs) +
Uso (K6 P5Ps — KeQ5Q6 + HeQs5Ps + He PsQs)

Ui, Us, ..., Uyy are functions of Ls, Lg.

[ U, Hg — 3H5K52) + Us (H6H52 — H6K52 —2H5K5Kg) + i
Us H5Hg — H{,Kg — 2H6K5K6) + Uy (Hg’ - 3H6Kg +

7 (K5 PsQs + K5 PsQ¢ — Hs Ps Ps + H5Q5Q¢) +

- 3K5H2) + Ui (—KeHZ + KgK2 — 2Hs HoKs) +
K5H6 + K5 K3 — 2H5HgKe) + U1y (K§ — 3KsHE) +

Ur7 (K5 PsPs — K5Q5Q¢ + Hs PsQs + H5 PsQe) +

The final required result may be obtained from the simultaneous solution of the
following 12 equations of motion, analytically or numerically or both,

df;tu - 21)/\10 + 8)\ [{11 cos (5A6 — 2X5) + 92 sin (5A¢ — 2X5)}]

d;\tu B _gfz - gfl c0s (526 — 2A5) — 3fi sin (5A¢ — 2As5)

dZu B g}ﬁj g}g cos (5A¢ — 2)5) + ‘%i sin (5A\¢ — 2s)

dfliu - _ggi - g[il cos (5Ag — 2A5) — 31132 sin (5X¢ — 2)s5) (16)
dd% = ggz + ggi cos (5Ag — 2)5) + ggu sin (5Ag — 2)s5)

% = _gﬁz gjﬁi cos (5Ag — 2X5) — ajiu sin (5Ag — 2X5)

u = 5,6
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The simultaneous solution of the above 12 equations, Eqs (16), renders the values
of L=L({t),A=AXt), H=H({), K=K (t),P=P(t), Q= Q(t), where t is the
physical time. The orbital elements are derived easily from the following equalities:

2
P— L
L 2
Bmoik>mg
m0+m1+...+mi_1
mo; =

mo+mi+...+my_1+my

H? + K2\?
P S T
€ \/ ( 2L, )

PP+ Q7
H?+K?
2L; (1 - T)

K;
w; = tan™! <_Hz>

i = CoS 1-—

g, = )\1 —nit

3. Discussion

In the future we shall give much more algebraic detailed computations, concerned
with the J-S theory, and the method for the simultaneous solution of the final
equations (16) either analytically or numerically or both. Obviously no indication to
canonical transformations or Von Zeipel- Hori—Lie techniques, to solve the equations
of motion analytically, is given. The author investigated these two techniques in
detail in previous published research papers.

The present approach reduces the analytic calculations and the complexity of
the problem to a great extent an advantage.

The small divisor terms are assigned from Brouwer—Clemence expansions of the
principal and indirect parts of the perturbing function.

Brouwer’s expansions are in terms of the mutual inclination of any two planets,
which is a restricted special case. We prefer the reference of the inclinations, in the
general case of more than two planets, to be to a common fixed plane. This requires
using the transformation formulae of Jacobi—-Radau set of origins.

We should use the expansion of A™% s =1, 3, 5, 7, ... when proceeding to a
higher order (J-S) theory (See ref. 8 in the Bibl.).
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