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We present the numerical analysis solution of the eight ordinary non linear differential
equations of a first order secular J — S planetary theory. There is no general solution
for these equations. We deal with the Poincare’ variables Hy,, Ky, Py, Qu; u=1,2 only.
The solution is approximative, since we confine our treatment to a first order secular
theory and truncate the Poisson series expansions at the fourth power in eccentricity —
inclination.
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1. Introduction

The aim of our article is to assign the first order secular approximate variations
of the eccentricity e and the angular parameters i. w, Q, for the J — S subsystem,
arising through the construction of a Hamiltonian canonical planetary theory. We
take into account the J — S mutual perturbations only, and neglect the effect due
to other planets. This is permissible since the J — S mutual perturbations represent
98% of the total one. So, it is a very nearly real problem. Our approach is an order
by order one w.r.t. planetary masses O(m) and degree by degree w.r.t. e,y = sini.
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2. Theory

For the Jupiter Saturn first order secular planetary theory, the equations of motion
in terms of Poincare® variables is given by:

dL, _OFys d\, _ OF dH, _ 9F
d 9\, dt 8L, dt OK,

dK.,  OF, dP, OF, dQ.  OF

dt ~ 0H, dt 0Q, dt oP,

u =1, 2 ( Script 1 refer to Jupiter, script 2 refer to Saturn).

Where, F'1; — the secular part of the Hamiltonian F reduced to its terms of order
0,1 in small parameter o of the order of planetary masses.

Fls:

4
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With ag = 7k2m0m02[3§

where (A“—i)s is given by:

(£2) 3o [ o) - ()

b U (HEHK3) ~fs (PR4Q)]
2

128L2 [(fo—Afa) (HP+K?) =4 2fa+f5) (HI+KT) (P2+Q})
+3f4(P1 +Q2)2+2f14 {(H}—-K}) (P?—Q3) +4H K1 PQ1}]
[(fr—dfo) (H3+K3)"~4 (2fs+f5) (H3+K3) (PF+Q3)

128L2
+3f4 (P2 +Q§)2+2f15 {(H3-K3) (P;—Q3) +4H, K>, P, Q5 }]

4@ [fs (PLPa4Q1Q2) + fo (HiHa+ K1 K3)]

1
t I T a3 (PI+Q]) (AP QiQ2)

+2 (fatfs) (H{+K7) (PLPAQ1Q2) — f10 (PE+QT) (HiHa+ K1 Ko)
+ (fu—fo) (HP+KT) (Hy Hat K Ko) — fiad (H} =KT) (PLP~Q1Q2)
+2H K1 (P1Qa+Po0Q1)}
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+fro {(HiHo— K1 K) (PP—QF) +2P1Q1 (H1 Ko+ Ha K1) }]
1
TP AL A (P3+Q3) (PLPa+Q1Q2) 3)

+2(fa+f5) (H3+K3) (PLPa4Q1Qs) — fro (P5+Q3) (HiHa+ K1 K2)
(f12—f9) (H3+K3) (Hi Hy+ K, K>)

—f15 { (H3 —K3) (PP~ Q1Q2) +2H, K> (P1Q2+P2Q1) }

+f16 { (H1Hy— K1 K3) (P5—Q3) +2P>Q2 (H1 Ko+ Ho K1) }

1
oL, 4 (Pr+Q1) (B +Q3)

+3L{(PP+QT) (P3+Q3) +2(Pi P+ @1Q2)°)
—2fs { (H{+K7) (Py+Q3) + (H3+K3) (P1+Q1) }
+2fs (Hi+K7) (H3+K3)

+8fo (HalK1—H1K2) (P2Q1—P1Q2)

+4f10 (H1H2+K1K2) (P1P+Q1Q2)

+f13 {(H}—K?}) (H3—K3) +AH  Ho K Ko )

+fu { (H}-K7) (P3—-Q3) +4H, K1 P2Q> }

+f15 { (H3—K3) (Pf—Q7) +4H2 K> PiQ1 }
—4f16{(H1H2 K1 K3) (PLP—Q1Q2)

+ (H1 Ko+ Ha Ky ) (P1Q2+ Q1) }]

Neglecting powers higher than the fourth in the Poincare variables (Hy, Ha, K,
KQ) ceey Q17 Q2)

Also, we can write (;—i) , in the form:
S

Aqp

A (H2+K2) A7 (HRHK2) (PRHQ2) +As (P24Q2)°

+Ag (Hi—K7) (P—Q7) +A1oH1 K1 PLQ1+Ap (H22+K2)2

+A1 (H3+K3) (P5+Q3) +Aus (P22+Q2) +A14 (H3 -K3) (P5-Q3)

+A1s Ho Ko PoQo+Arg (PLPo+Q1Q2) +Arr (H1Ha+ K1 Ko)

+Ag (P12+Q§) (P1P2+Q,Q2) +A1g (H12+K2) (P P40, Q2)

+A20 (PE4QY) (HiHo+ K1 K») +As (HE4+KT) (HiHo+ K1 K»)

+A2o (H K1) (PLPy—Q,Q2) +Aos H1 K1 (P1Q2+P2Q1)
(Hy
(

(”) =A1+As (Hi+K7) +As (PE4Q7) + A4 (H3+K3) +As (P3+Q3)

+A24 —K1K>) (PP—Q7) +Ass PLQy (H1 Ko+ Hy K1) (4)
+ Az (P} +Q2) (PLPy+Q,Q2) +As7 (H3+K3) (PLP2+Q,Q2)
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+Ass (P3+Q3) (HiHa+ K1 Ko) +Agg (H3+K3) (HiHy+ K1 K>)

+A30 (H3—K3) (PLPa—Q,Q2) +A31 Hy Ko (P1Q2+P2Q1)

+Asy (HiHy— K1 K3) (P3—Q3) +A33P2Q2 (H1 Ka+ Hy Ky)

+ Az (PP +Q1) (P7+Q3) +Ass (P P4Q,Q2)°

+Ase { (HT+K7) (P3+Q3) + (H3 +K3) (PE+QT) }

+ Ay (H2+K?) (H3+K3) +Asg (H1 Ko~ Ho K)

+Asg (Hi Ho+ K1 K») (PLP2+Q,Q2) +Ago (HI-K73) (H3—K3)

+An HiHo K1 KotAgp (HP —K7) (P3—Q3) +Ass H1 K1 P2 Qo

+Au (H3-K3) (P}—Q7) +Ass Ho K2 PiQq

+As6 {(H1 Ho— K1 K3) (P1P2—Q1Q2) + (Hi Ko+ Ho K1) (P1Qa+P2Q1) }

3. Numerical evaluations of Laplace coefficients and its derivatives
(the f’s)
We have,
fi = b@ =2.1795  fo = 2aD}lb(%O) + a2D§b(;> = 1.7221
J3 = aby D= 17258  fy= 2a2b(%o) + a2b(§) = 10.8898
fs = 2a2D1b(31) a®D? b“) 23.6278
fo = 4a3D3b‘0> + a4D4b(o) 14.1186
fr=24aD} b(10)+36a2D2 b(10)+12a3D3 b(10)+a4D4 b(P) = 70.1196
fs=4aD! b( )+14a2D2 b(0)+8a3D3 b<°>+a4D4b<°> 98.7158
f9:2b% —2041)&13%1)—042035(%1) = —1.1245
fro=2a (b§°>+b(§>) —2a? (D;bg°)+D;b<%2>) (5)
(D2 b\ 4 D2 b(2>) —38.8956
f11:74a2Dib(%1)76a3D3 b(fto/*D‘*b(f’ = —21.9616

fu:4b<j)_4aD;b( )_22042D2 b(” 10a3D3b( ) _a* D = —44.3355
2

(
3
‘

2
f13=12b(12)—12aD b(f)+6a2D2 b(12)+8a3D3b( )+ DA = 25.6546
Fra= 6ab(1)+6a2D1b<1>+a3D2bg> 51.8434
2
fi 5—2ab(1) 2a2D1b 1)+a3D2 bSJ =9.2184

f16:2ab(§0)— a2Dab(§0)—a3Dib(§0) = —18.736
2 2 2
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From [1], we have:

ay — Semi — major axis of Jupiter = 5.202545 A.U.;

ag — Semi — major axis of Saturn = 9.554841 A.U.;

a = ay/ag = 0.5445, and the convergent series of the Laplace’s coefficients is given
by the formula:

2 J! (J+1)

(6)

S(s+1) (s+7) (s +i+1)
AGT1)(+2) +}

When j = 0, the factor outside of the brackets becomes unity. expanded up to a?°
we get:

b(;) =2.1795
b? = 0.6194
b(;) = 0.2567
Dib(;) = 0.8058
Débg) = 15.0612
D2b0) = 2.8488
:
ngé” = 91.0462
Dib(%o) = 11.6660

DA = 74.9264
2

b = 4.3404
2

') = 3.1695
2

v = 2.0691
2

2

D;b(%o) — 14.4376
D}lb(;) =1.1021
ng(%o) =92.3172
ng? = 3.5049
Dzb(%l) = 12.5619

Db = 77.2642
2

b — 13.4957
b = 12.1949
2

»? = 9.7398
2

D;b? = 1.4807

Déb? = 13.2786 (7)
Dibg) = 2.5326

Dib(;) = 90.0639

Dib? = 12.6038

Db =82.6409. ..
2

Where: D(’i:éi—kk

We adopt the International Astronomical Union (IAU) system , i.e. we consider the
units of length (the astronomical unit), mass (the mass of the Sun), and time (the
day).

If the units of length, mass, and time are the astronomical units of these quan-
tities then the astronomical unit of length is the length for which the Gaussian
gravitational constant k has the value 0.0172029895, [1].

Also, from [1] we get the following values: m; = mass of Jupiter = 1898.6x10%* kg
mg = mass of Saturn = 568.46x 10%*kg

mo = mass of Sun = 1.98911 x 103%kg

mo+mit---4+m; 1

moJ = mo+mi+---+m;
mog = 0.9990
mos = 0.9997

o = small parameter = 1073
of; = (Z—;) for Jupiter, 8; = 0.9545
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ofBs = (’:Ti) for Saturn, 8g = 0.2858

py = Eme — 29612 x 1074 for Jupiter

0J

s = mo — 29592 x 10~ for Saturn

mos
Ly = /pja; =0.0393 for Jupiter
Ls = \/pisag = 0.0532 for Saturn

4 3
ak momosJg

Common factor = 72
S

= 6.8942x1071° (8)

4. Numerical values of the A’s

After some calculations, we get the following numerical values of the A’s:

1 fa f3
A== f1=1.0898 Ay= 22 — 54843 A3—— L2 — 54960
1 2f1 2 8L, 3 8L,
A4:£: 4.0482A5:—£:—4.0569
8L2 8L2
fe—4f2 2f3+fs
Ag= = 36.66514,=— —549.2896
0712812 VY
§= 8fa _ 165.6701A9:£: 525.8069A419=4A9= 2.1032x 103
12812 64L2
fr=4f2 2f3+fs
- — 174.7099Ap=— —299.2844
M 2812 DY
3fa fis
A= = 90.2665A41,= 22— 50.9415
12812 M 6412
f3
Aps=4A14= 203.7662A 6= —2> — 9.4439
15 14 16 4m
fo f3+3f,
Ap=—22  61536A5=— 274 5994198
NG B 39,1 Ly
fa+fs fio
Apg=—23T75 883.6964A90=— —210 _ — 677.8514
Y 6L,VT 1 Ls VY NG Y
fll_f9 f14
Agy=—2 09 3631374A00—— 21— 903.4975
2390V Ly 2 3011 Ly
fie
Ag3=2A55=—1.8070x 103 Agy=——>— =—396.5309
23 22 24 32.[/1\/@
f3+3f,4
Ags=2A0,=—653.0618 Agg—=— 25204 449 4584 9
25 24 26 32L2\/m ( )
fstls 652.2956 Aog = Jo = 500.3523

Agr—=—-r" 77 . JY
2" 16Loy/T1 Ly 32Lov/T1 Lo
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fiza—fo fis
Agg=—12709 5558651 Agg=— ——2 10— 118.5855
239 Lov/T Ly O 39T o
A31:2A30:7237.1709A32:

16
———=—241.0270
32Lyv/L1 Lo

Afs+3
Ags—2 Ay —482.0540 Ags— 2135371 996 9563

641, Lo
3fa
- = 489.1538 Ag5=—
32L1L2 36 32L1L2

fs 429.9574 Asg=

= =—67.3484
320, Lo 8L1Ly
f1o

fis
Asg= =—1.1648x10% A49=
397160, Ly 048>10" Aso=g7 T

f14
6411 Lo

f15
64L1 Lo

J16
16L1 Lo

Ass =—-353.7756

As7

= 192.0612

Ag1=4A40= T768.245A,0= = 388.1215

Ays=4A45=1.5525x103 Ayy= = 69.0130

Ays=4A44= 276.0519A6=— = 561.0803. ...

The initial orbital elements for Jupiter and Saturn at J 2000, [1], are:

eoj = 0.04839266, ig; = 1.30530°, ap; = 14.75385°, ag; = 100.55615° for Jupiter;

eps = 0.05415060, igs = 2.48446°, aps = 92.43194°, aps = 113.71504° for Saturn.
Accordingly the numerical values of the initial Poincar variables for Jupiter and

Saturn, at J 2000 are :

Hy; = \/2LJ (1 —4/1— e%J) cos agy = 0.00927988

Koy = —sqrt2Ly (1 —4/1 = 6(2)]> sin gy = —0.00244386

Py = \/ZLM /1 —e2;(1— cosigy)cosQy; = —0.000826881

Qos = —\/QL“ /1 €2, (1 — cosigs)sin Qoy= — 0.00443718

Hys = \/QLS (1 —4/1— e%s> cos aps = —0.000530174 (10)
Kos = —sqrt2Lg (1 —4/1- egs> sin apg = —0.0124832

Pys = \/2qu /1 —e2s (1 — cosipg)cos Qs = —0.00401922

Q0S = \/2L5\ /1 —eZg (1 — cosipg)sinQps= — 0.00914951 . ..
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5. The 8 first order nonlinear differential equations:

We have:

dH, OF;s ok*momo2153
dt 0K, L2

+ Ao Ko Ha+ (2A7—2A9) K1 P24 (2A742A49) K1Q34 (Ago— Agg) Ko P}

+ (Ago+Agy) KoQ3+3A01 KP Ko+ (Agg—Ase) Ko P+ (Asg+As0) KoQ3

+ (2A36—2A42) K1 P5+ (2A36+2A42) K1Q3+ A2 Ko HY

+ (2A37—2A40) K1 H3+ (2A37+2A40) K1 K3 +2A0 H1Hy Ky (11)

+(2419—2A22) K1 Py Po+ (2A19+2A22) K1Q1Q2+Aq1 Hi Ho Ko

+A10H1 P1Q1+A33 Ho PyQo+ (Azg+Asg) HaPoQs

— (A3s—Aue) HaP1 Qo+ (Azg+Ass) KoQ1Qo+ (Azg—Ass) Ko P Po

+ A3 H1 P1Qo+Aps Hi PoQ1+Aas Ho PLQ1+Ay3 H1 Po Qs } . . .

{2A5K 1 +A17 Ko+ 4Ag K3+ Agg K3 +4Ag K, H?

dKy  0F1,  ok*momozf1f;
d  oH, 2

+4AcH K+ Agg Hy K3+ (2A74+2A9) Hi PP+ (247—2A9) H1 Q3

+ (Aso+Ass) Hy PP+ (Asg—Asa) HaQ7+3 Ao Hi Ho+ (Ass— Aso) Ha Q3

+ (Agg+Asg) Ho P34 (2A36—2A42) H1 Q24 (2A36+2A42) Hy P34 Ag Hy K?

+ (2457 —2A40) H1 K3+ (2A37+2A40) Hi H34+2 A H1 K1 K (12)

+(24190—2A2) H1Q1Q2+4 (2A19+2A2) H1 Py Po+Ayn Ho Ky Ko+ A10 K1 P1Qy

+A33 K2 PoQo— (Azg—Auss) Ko PoQ1+ (Azg+Ass) KaPr1Qo

+ (Az9—Aue) HaQ1Q2+ (Azg+Ass) Ha Py Pa+Agz K1 P Qo+ Az K1 PaQy

+Aos Ko P1Q1+Ass K1 PoQ2}

{2A2H1+A17 Hy+4Ac Hy + Agg Hi

dHy OF;s ok*momo21 B3
dt 0K, L2

+4A1 H2 Ko+ A HP K+ (2410—2A14) Ko P24 (241042A14) K2 Q3

+ (Aog—Asq) K1 Pl + (Asg+Ass) K1QT4+3A20 K1 K3+ (Ass—Asz) K1 P

+ (Aog+As2) K1Q3+ (2A36—2A4s) Ko PP+ (2A36+2A44) KoQT+ A H3 K4

+ (2437 —2A40) Hi Ko+ (2A374+2A40) K7 Ko+2A09 Hy Ho K (13)

+ (2427 —2A30) Ko P1 Po+ (2A27+2A30) K2Q1Qo+As1 Hi Ho K1+ A5 Ha Po Q2

+Aos H1 PrQ1+ (Ass+Ase) H1 P1Q2— (Azs—Ase) H1 P2Q1

+ (Az9+As6) K1Q1Q2+ (Az9—Ass) K1 Py Po+Az1 Ho Py Qo+ Az1 Ho Py(Q1

+ A Ha PL Q1+ A3z H1 PoQa} . . .

{24, Ky +A17 K +4A K3+ Ay K3
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dKs  OF1s  ok*momoapi
dt  0Hy L2

+4A Ho K34+ Aoy Hi K3+ (2412+2A,4) Ho P

+(2412—2A14) HoQ3+ (Aso+Azs) Hi PP

+ (Aso—Azs) HiQ3+3A0g Hi Hy+ (Aos+Ase) H1 P

(Aog—Aszg) H1Q3+ (2A36+2A44) Ho P}

(2A36—2A44) HoQ3+ A9 Hi K3+ (2437 —2A40) Ha K7

(2A374+2A40) HY H,+2A29 Ho K1 K> (14)

(242742A30) Hy P1 P+ (2A37—2A30) H2Q1Q2

+An H1 K1 Ko+ A15 Ko PoQo+Ags K1 P1Q1

— (A3s—As6) K1 P1Q2+ (Azsg+Ass) K1 P2Q1

+ (Az9—Aue) H1Q1Q2+ (As9+Ase) Hi PLPoa+A31 K2 PiQo

+A31 Ko PoQ1+Ays Ko PLQ1+A33 K1 PoQo} . ..

3
B {2A4Hy+ A7 H i +4A H3 4+ Ay  HY

+
+
_|_
+

4 3
%:gg: _ok mOZéOQBlBQ {245Q1+A16Q2+4A45Q7+ A2 Q5

+4As PLQ1+A10H1 K1 Pi+ (2A7—2A9) HT Q4

+ (24742A9) K7 Q1+ (A19—A2s) Hi Q2

+ (A19+A22) K7 Q243A18Q7 Qo+ (2A420—2A24) H1 HyQ1

+ (2420+2A24) K1 K2Q1+ (2A36—2A44) H3 Q1

+ (2436 +2A444) K3Q1+ A1 PL Qo+ (2454+2435) Q1Q3

+2418 Py PyQ1+Aos Hi K1 Pa+ (Aor—Aso) H3Q2 (15)
+ (Agr+As0) K3Qa+ Ao Py Qo+2A34 P3 Q1+ Ags Hi Ko Py

+ (Asg+Aue) Hy K1 Py— (Azg—Aye) H1 Ko Py

+ (Az9+Ase) K1 KoQo+ (Azg—Ase) Hi HaQo

+A31 Ho Ko Py+2A35 Py PoQo+Ays Ho Ko Py + Aos Ho K1 Py} .

@:_ O0F15 . ok*momoa1 B3
dt oP; L%

4+ (2474249) HE P+ (2A7—2A9) K P +4AsP1Q3

+3A18 P Po+A1gH1 K1 Q1+ (A19+Azo) Hi Py

+ (A19—A2o) KiPo+ (2A20+2A24) Hi Ho P+ (2450—2A24) K1 Ko P

+ (Agr+Aso) H3 Po+ (Agr—Asg) K3 Pa4+2415P1Q1Q2+A1s P2 Q7 (16)

+Aos H K1 Qo+ Ass Hi K2 Q1+ Ass Hy K1 Q1+ Aos PaQ5+Ag1 Hy K2 Qo

+ (2434+2A35) PLP3+ (2A36+2A44) Ha Pi+ (2A36—2A44) K3 P

+2A434 P1Q3+2A35 PoQ1 Qa2+ (Ass+Ase) HiK2Qa— (Ass—Aus) HoK1Q2

+ (Azg+Ass) Hi HoPo+ (Azg—Ass) K1 Ko Po+Ays HoKoQn }. ..

{2A3P +A 15 Py +4Ag P+ Ags Py
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APy _0Fy, _ok*momoafi 53
At 0Q, L2
+A26P; Q14+ A18Q+4A13PF Qo+ (2A12—2A414) H3 Q2

+ (24124+2A14) K3 Qo+ A15PEQ1+ (A1g—Az) H7 Q1

+ (A19+A2) K7Q1+3A26Q1Q5+ (Ayr—Asz) H3 Q1

+ (Ao7+As30) K3Q1+ A H1 K1 Pi+2A6 PL P2Qo (17)
+ (2428 —2A32) H1 HyQo+ (2A28+2A32) K1 KoQo+Az1 Ho Ko Py

+A33 H1 Ko Pot+- A3 Hy K1 Pot (243442 A35) Q1Q-

+2A34 Pf Q242A35 P PyQ1+ (2A36—2A42) HT Q2

+ (2A436+2A442) K7 Qo+ (Ass+Aug) H1 Ko P — (Ass—Aag) Ho K1 P

+ Ay H1 K1 Pot- (Azg—Age) HiHoQ1+ (Azg+Ase) K1 KoQ1}. ..

{245Q0+A16Q1+4A13Q5+ A5 Ho Ko P

dQy _ OF ok*momoz 153
dt OP, L2

+ A2 PLQ5+ A1 PP +4A13PsQ5+ (2412—2A14) K3 Py

+(2412+2A14) HF Po+A1sPLQ5 + (A19—A2o) K Py

+ (A19+A2) H12P1+3A26P1P22+ (A27—Asp) K22P1

+ (Ao7+Asz0) HY Pi+Ass Hi K1 Q1+2A26 P2Q1Qa+ (2425 —2A32) Ky (18)

Ko Po+ (2A28+2A32) Hi Ho Po+A31 Hy Ko Q1+ A3 Hi Ko Qo+ Azs Hy K1 Q2

+ (24344+2A35) PEPy+2A34 Py Q7 +2A35 PLQ1 Qo+ (2A36—2A42) K7 Py

+ (2A36+2A42) HY Po+ (Ass+Asg) HaK1Q1— (Ass—Ase) Hi1 K2Q1

+ Ay H1 K1 Qo+ (Azg—Asg) K1 Ko Pr+ (Asg+Asg) HiHo Py ...

{245 P+ A1 Pi+4A13 P+ A1s Ho K2 Qo

6. Numerical integration

We need a numerical solution, of the eight differential equations (11-18), which
verify the numerical values, given by [10], of the initial Poincar variables for Jupiter
and Saturn, at J 2000. So we write a suitable calculation program (a MACSYMA
program) using the fourth order Runge — Kutta method. The calculations are made
in double precision. The unit of time is the day, the total integration time is 18250
days (=50 years), so the time interval of integration is [0, 18250], the step of time
is At = 1 day, with t; =0=J2000, ..., t; = (i — 1)At, i =1,2,...,18250.

By this integration, we obtain the numerical values of the Poincar variables :
[(H]_)i, (Kl)i7 (HQ)Z'; (K2>i7 (Pl)“ (Ql)i7 (Pg)i, (Qz)z], for i = 17. ey 18250.
Then, we deduce, the corresponding values of orbit parameters for Jupiter and
Saturn:
[(6J)i7 (iJ)ia (aJ)ia (aJ)ia (eS)ia (iS)h (aS)ia (aSi]a i1=1,2,..., 18250.

It is obvious that this huge number of numerical values cannot be included in
this paper, so we give merely the graphs of these parameters. These graphs are
made by using only one point every 10 days:

[t10.4, (€5)10i], [t10.45 (25)104], ---n i =1,...,1825
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The eccentricity of Jupiter :
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It is increasing very slowly from 0.048392658470653 to 0.048394091346053.

Inclination of Jupiter in degrees:
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It is increasing from 1°.305299975526787 to 1°.305429659328161.
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Graph of a of Jupiter :
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It is decreasing from 14°.75387282599478 to 14°.74522945392956.
Graph of Q of Jupiter:
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It is increasing from 100°.556135827009 to 100°.561313056631.
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Eccentricity of Saturn:
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It is increasing from 0.054150453249948 to 0.054154043521506.

Inclination of Saturn:
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It is decreasing from 2°.484460574452989 to 2°.484347881368836.
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Graph of « of Saturn:
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It is increasing from 92°.43193165331819 to 92°.43680397027501.
Graph of € of Saturn:
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The angle 2 of Saturn is decreasing from 113°.7150448346539 to 113°.7136515149878.
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7. Discussion

We have three categories for handling the problem: the analytical, the numerical
and the semi — analytical. Our approach is a NEW semi — analytical one, which is
recommended by celestial mechanicians. The analytical techniques are of the same
accuracy as the numerical integration procedures. The period of variation had been
extended to hundreds of millions, or even more, by other investigators, using numeri-
cal integration and analytical techniques (BDL group: Chapront, Bretagnon, Simon,
...— Italian group: Milani, Nobili, Carpino, ...— A.E. Roy’s group: LONGSTOP
project). The French Egyptian group: Meffroy, Kamel, Soliman, ...extended suc-
cessfully the analytical technique of the problem intensively, to very high orders
w.r.t. masses and to rather high degrees in the eccentricity — inclination, but with-
out numerical results. The period of variations of H,,, K, P,, @, is 50 years only.
This can be expanded easily to a longer interval of time and also, we can easily
include numerical values of more than four decimals. It is the first time to produce
numerical results relevant to Meffroy — Kamel analytical planetary theory. The
ephemeris for an interval of 50 yrs., could be requested from the authors.
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