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Strengthening and repairing existing reinforced concrete structures is often more eco-
nomical and sustainable than rebuilding them. Today the most commonly used tech-
niques based on reparation by externally bonded Carbon Fiber Reinforced Polymers
(CFRP). However, bonding concrete beams, particularly damaged beams, suffer from
the pre-existing of open cracks at the bottom face of the beams. This paper presents an
investigation by finite element method using the general purpose FE software Abaqus
to study the flexural behavior of initially damaged concrete beams repaired with FRP
plates. In this study, it is aimed to simulate the phenomenon of propagations of cracks
where the beam is initially loaded to introduce damage, then, after bonding the FRP
plates. The linear elastic fracture mechanics (LEFM) approach is adopted to pursue the
stress intensity factor’s evolution in 3-points bending before and after reparation of RC
beams. Many parameters were taken account, such us the thickness of the adhesive layer
and reinforcing plate, the stiffness, and young’s modulus. Results were identified and
discussed.

Keywords: propagations of cracks, Carbon Fiber Reinforced Polymers (CFRP), Linear
Elastic Fracture Mechanics (LEFM).

1. Introduction

Structures can be damaged due to over-loading, earthquakes, fire, blast loading,
mistakes in design calculations, corrosion of reinforcement and improper concrete
mix design. Damage can be defined as the change in structural performance, which
can be identified in terms of discrete cracks or a weak zone formation. Undetected
and not repaired damage may lead to structural failure demanding costly repair and
huge loss of lives. It is important to study the behaviour of damaged RC members,
since it involves huge expenditure to demolish and reconstruct them. Therefore it is
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necessary to increase the service life and load carrying capacity of damaged original
structures. Extensive experimental studies on the behaviour of initially damaged
reinforced concrete repaired with FRP plates can be found in the literature [1–13].
The general objective of these works is to understand the complex behaviour of
bonded beams with FRP plates and their failure mechanism. Furthermore, several
works of theoretical nature have been proposed in the literature to study some
specific problems such as the concrete-FRP interface stress behaviour [14–20]. These
studies are based on analytical solutions which can provide practical equations and
information that are useful for design purposes. However, due to the complex
behaviour of the strengthened RC beams, the analytical procedures are generally
based on elastic analysis and simplified hypothesis that make them incapable to
simulate the real behaviour of such structures. Unlike analytical methods, the
numerical ones (particularly finite element-based strategies) have been successfully
used to simulate this kind of complex structures. In the literature, one can find
a lot of finite element (FE) models including different constitutive material laws for
studying the behaviour of strengthened concrete beams plates [21–23]. However,
simulations of the full loading history of initially damaged concrete beams repaired
with composite plates are limited, and contented by study the concrete damage
before application of repairing system [24] and the FRP concrete interface behaviour
[25]. The present work is aimed to study the propagation of cracks in concrete
structures reinforced before and after repair by FRP plates. Many parameters were
taken account, such us the thickness of the adhesive layer and reinforcing plate, the
stiffness, and young’s modulus.

2. Linear elastic fracture mechanic

Application of the fracture mechanics to concrete [26] has been intensively studied.
It was recently realized that the fracture process zone was created ahead of the
crack in concrete. As a result, the non-linear fracture mechanics [27] was introduced
instead of the linear elastic fracture mechanics (LEFM). Although most efforts have
been lately devoted to study on fracture damage behaviour of concrete [28, 29],
linear elastic fracture mechanics seems to be still useful for studying the failure of
concrete.
The theory of linear-elastic fracture mechanics (LEFM) is integrated using an ana-
lytical approach occurring that solid bodies containing cracks can be characterized
by defining a state of stress near a crack tip and the energy balance coupled with
fracture. Introducing the Westergaard’s and Airy’s complex function and will allow
the development a significant stress analysis at the crack tip (Fig. 1).
The Airy’s complex function and Westergaard’s complex function are, respectively:

Φ = ReZ ′ + yImZ (1)

Z (z) = ReZ + iImZ (2)

where:
ReZ ′ – real part,
ImZ – imaginary part,
Z – analytic stress function,
i =

√
−1 i2 = −1.
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For instance, Irwin treated the singular stress field by introducing a quantity [30]
known as the stress intensity factor, which is used as the controlling parameter for
evaluating the critical state of a crack.

Figure 1 The crack tip stress field in complex coordinates

3. Stress intensity factor

The mechanical behaviour of a solid containing a crack of a specific geometry and
size can be predicted by evaluating the stress intensity factors (KI, KII, and KIII)
shown in Fig. 2.

Figure 2 Three basic modes of fracture propagation

If crack growth occurs along the crack plane perpendicular to the direction of the
applied external loading mode, then the stress intensity factors are defined according
to the American Society for Testing Materials (ASTM) E399 Standard Test Method
as:

KI = lim
r→0

(
σyy +

√
2πr

)
fI (θ) (3)

KII = lim
r→0

(
τxy +

√
2πr

)
fII (θ) (4)

KIII = lim
r→0

(
τyz +

√
2πr

)
fIII (θ) (5)

Here: fI(θ), fII(θ) and fIII(θ) are trigonometric functions to be derived analyti-
cally.
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4. Application

The basic assumptions are as follows:
– The studied material follows a stress-deformation of elastic linear type; non-linear
areas that can develop at the tip of the crack are neglected before the size of the
crack and the structure being studied;
– The cracked body is homogeneous and isotropic.

4.1. Model studied

The model studied in this document is a reinforced concrete beam with length of
3000 mm where a crack initiated in its tension fiber (bottom), and submitted on
3-point bending that the load is applied in the middle of the beam.

Figure 3 Cracked beam loaded in bending 3-points

Geometrical and mechanical characteristics of materials used are given in the
table below:

Table 1 Geometrics and mechanicals properties of materials

Element Width
(mm)

Thickness
(mm)

Young’s
modulus
(GPa)

Poisson’s
ratio

Shear
modulus
(GPa)

(RC) Beam 200 300 30 0,18 -
Adhesive 200 2 3 0,35 -
CFRP 200 4 140 0,28 5
GFRP 200 4 50 0,28 5
Steel 200 4 200 0,3 -

The analysis is done using the ABAQUS software in a three-dimensional medium
and get to have satisfactory results were used to finite element quadrilateral isopara-
metric at 8 nodes with a fine mesh in the area of cracking and in areas of high stress
and a mesh coarse and medium in the other regions.

5. Discussion and results

The principle of this study is to follow the evolution of the stress intensity fac-
tors in the case of a notched beam bending 3-points before and after repair by
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CFRP bonding (comparative study), the influence of the various parameters such
as the thickness of the adhesive layer and reinforcing plate are taken into account
(parametric study).

Figure 4 Effect of CFRP on the behaviour of cracked beams

5.1. Comparative study

Figure 5 shows a comparison chart of the variation of the values of the intensity
factors constraints KI and KII depending on the evolution of the load applied in
a beam notched and reinforced by composite materials and that hacked and not
enhanced.
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Figure 5 Propagation of cracks in notched beam before and after reparation
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5.1.1. Case 1: Before bonding CFRP plates

We note that the value of the stress intensity factor KI in the mode I increases with
the load. However the SIF for the mixed mode KII values are not influenced by the
increase in the workload. The increase of the load as well as its current position
(positioned in the Center) foster the development of a time bending maximal in the
middle of the beam, allowing to be in tension high around the crack which makes
easier the crack propagation with KI values that exceed 1.2 MPa

√
m. However

according to mixed mode crack propagation is almost zero in this case since shear
stresses in the vicinity of the notch are low due to the eccentricity of load (d = 0).

5.1.2. Case 2: After bonding CFRP plates

The presence of the plate of CFRP in the vicinity of the crack minimizes the evo-
lution of the values of the SIF, which leads to infer the effectiveness of the crack
repair process. Can be also observed in figure 5 increased light and little remarkable
KII values which is due to the presence of the of interfacial stresses that are caused
by the effect of the contact of the entire concrete-adhesive-adhering.

5.2. Parametric study

5.2.1. Mode I

a) Effect of the thickness of the CFRP The evolution of the stress intensity factors,
in mode I, according to the thickness t2 of the CFRP bonding plate, under different
values of the load that length, is shown in Fig. 6. Increasing thickness permit to
decrease SIF values.
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Figure 6 Stress Intensity factor KI in repaired beams according to the thickness of the plate for
a length of strengthening Lp = 2400 mm
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b) Effect of the stiffness of the plate: Figure 7 represents the variation of the stress
intensity factor KI values based on the stiffness of the bonding material.
Note that glass fiber composite plates allow to have values of SIF lower than those
obtained in the two other materials. Can be observed also that the maximum value
of the SIF in the case of steel plate exceeds 2 times that obtained in the case of the
GFRP plates, and this may contribute to confirm the restriction of the use of steel
in construction sites.
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Figure 7 Stress Intensity factor KI in repaired beams based on the stiffness of the plate for
a length plate Lp = 2400 mm, thickness = 4 mm

Figure 8 Stress Intensity factor KI in repaired beams based on the stiffness of the plate for
a length plate Lp = 2400 mm , thickness = 4 mm
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c) Effect of young’s modulus of adhesive: Figure 8 shows the variation of the values
of stress intensity factor in mode I, based on the variation of young’s modulus of
bond and depending on the load. Note that an adhesive with high modulus allows
having more low KI . consequently we can say that the modulus of longitudinal
elasticity of adhesive influence on crack propagation in mode I.

5.2.2. Mode II:

a) Effect of the thickness of the CFRP: The variation of the values of stress inten-
sity factors in mode II of fracture, according to thickness bonded FRP plate t2 with
the variation of the load is shown in Figure 9. It notes that the lowest values SIF
in mode II are those obtained in the thickest plate. It is noted that the thickness of
the plate pasted on the beam influences the spread of cracks also in mixed mode.
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Figure 9 Stress Intensity factor KII in repaired beams according to the thickness of the plate for
a length of strengthening Lp = 2400 mm

b) Effect of the stiffness of the plate: Figure 10 represents the variation of the
values of the mixed-mode stress intensity factor based on the stiffness of the glued
plate. Note that glass fiber composite plates allow having minimum values of SIF.
It notes that the type of the reinforcement remains a sensitive step during the repair
of degraded structures.

c) Effect of young’s modulus of adhesive: Figure 11 illustrates the variation in the
values of the mixed-mode stress intensity factor based on the variation of young’s
modulus of bond and depending on the load. There is the allure of theKII is almost
similar. The modulus of longitudinal elasticity of the adhesive does not have a great
influence on the crack propagation in mixed mode.
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Figure 10 Stress Intensity factor KII in repaired beams based on the stiffness of the plate for
a length plate Lp = 2400 mm, thickness = 4 mm
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Figure 11 Stress Intensity factor KII in repaired beam based on the stiffness of the plate (where
Lp = 2400 mm, thickness t = 4 mm)

6. Conclusions

This research comes to confirm and supplement certain points previously conducted
on the subject of the strengthening of the reinforced concrete structures and high-
light the performance of the collage technique of composite materials for the repair of
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cracks in reinforced concrete and prestressed concrete structures. Bonding plates of
composite materials on the strained surfaces or side surfaces significantly enhances
the ultimate strength and structural stiffness of beams strengthened by decreasing
the spread of cracks, particularly in the case of a low beam or moderately armed or
part tense.
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