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The mathematical models for granular materials utilizing concept of the critical state,
is reviewed. Several extensions of the critical state Modified Cam-Clay (MCC) models
are reviewed, including kinematic hardening with bounding surface (BS), the general
plasticity (GP) model, extension of the MCC model to include finite strain, and different
variants of the pressure hardening rule, including bi-modulus extension, hypoplastic, and
the hyperelastic potential extension. The associated flow rules coupled with different
hardening equations are considered. In the review the main attention is paid to the case
of the infinitesimal strains.
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1. Introduction

The original Cam-Clay critical state model is mainly due to (Roscoe, Schofield,
and Wroth, 1958; Roscoe, Schofield, 1963). Later on (Roscoe, Burland, 1968), this
model was modified by substituting the logarithmic yield surface by the elliptic one,
shown in Fig.1. Such a modification is known as the Modified Cam-Clay (MCC)
model.

There is a large number of publications on applying both CC and MCC mod-
els to simulating static monotonic loading of granular materials with negligible
cohesion (Borja, Lee, 1990; Bigoni, Hueckel, 1991; Alawaji et al., 1992; Borja, Ta-
magnini, 1998; Armero, Pérez-Foguet, 2002; Borja, Sama, Sanz, 2003; Dal Maso,
De Simone, 2009; Dal Maso, Solombrino, 2010; Dal Maso, De Simone, Solombrino,
2011; Buscarnera, Dattola, di Prisco, 2011; Conti, Tamagnini, De Simone, 2013),
along with simulations of cyclic loadings (Mroz, 1967; Sangrey, 1978; Takahashi,
Hight, 1980; Selig, 1981; Carter, Booker, Wroth, 1982; Uzan, 1985; Al Tabbaa,
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Wood, 1989; Wood, 1990; Puppala, Mohammad, Allen, 1999; Zhou, Gong, 2001;
Andersen, 2009; Liu, Xiao, 2010).

Figure 1 Yield and critical state surfaces for the MCC model: dashed line corresponds to inter-
section of the ellipsoidal yield surface with the critical state cone

Most of the latter works are concerned with either uniaxial (Sangrey, 1978; Taka-
hashi, Hight, 1980) or triaxial loading conditions (Mroz, 1967; Carter, Booker,
Wroth, 1982; Uzan, 1985; Al Tabbaa, Wood, 1989; Wood, 1990; Puppala, Mo-
hammad, Allen, 1999; Zhou, Gong, 2001; Andersen, 2009; Liu, Xiao, 2010). Quite
often (Carter, Booker, Wroth, 1982; Uzan, 1985; Al Tabbaa, Wood, 1989; Wood,
1990; Puppala, Mohammad, Allen, 1999), the triaxial loading is analyzed in the
stress-state space only.

In the papers (Mroz, 1967; Al Tabbaa, Wood, 1989; Wood, 1990) the kinematic
hardening is also considered to overcome difficulties related to degeneracy of the
hysteresis loops at cyclic loadings with large volumetric component, and to include
ability to model the Bauschinger effect. Some of the MCC models (Carter, Booker,
Wroth, 1982; Zhou, Gong, 2001; Shahin, Loh, Nikraz, 2011; Ni et al., 2014) contain
additional parameters to account cyclic loading frequency, damage degradation, etc.

The present work gives a review of the mathematical methods used in formulat-
ing the MCC model at infinitesimal deformations.



Cam–clay Models in Mechanics of Granular Materials 815

2. Principle equations

2.1. Basic notations

The following decomposition in volumetric and deviatoric parts of an arbitrary
symmetric second-order tensor A ∈ sym(R3 ⊗R3) is needed:

Avol =
1
3I⊗ (I · ·A) Adev = A−Avol (1)

where I is the unite tensor. The following tensorial invariants are needed for further
analysis:

IA ≡ I · ·A IIA ≡ A · ·A, IIIA ≡ det(A). (2)

Combining (1), (2) yields:

IIAdev
≡ A · ·A− 1

3I
2
A. (3)

The decomposition (1) for stress σ and infinitesimal strain ϵ tensors is usually
written in a slightly modified form:

σ = −pI+ s, ϵ = −1

3
θI+ e (4)

where:

p = − 1
3Iσ s = σdev θ = −Iϵ, e = ϵdev (5)

Remark 1. In theories of elasticity and plasticity the sign of volumetric strain θ
usually coincides with the sign of Iϵ. However, in the critical state theories like
the considered MCC it is more convenient to use opposite sign, that is taken into
account in (5).

According to (2), (3) and definitions (4), (5) the following notation for Schur’s
norms of the corresponding deviators is adopted:

qs =
√

IIs qe =
√
IIe (6)

Remark 2. Along with deviatoric norms (6) the corresponding signed parameters
can be introduced (Papuga, 2011):

q±s = sign(f(σ))
√
IIs q±e = sign(f(ϵ))

√
IIe (7)

where f(g) is a function of the corresponding tensors. In many applications, in-
cluding fatigue analyses f(g) is chosen as the first invariant (Papuga, 2011) of the
corresponding tensor.

Instead of norms (6), in theories of plasticity the following deviatoric norms,
known as Tresca stress or strain, are also used:

ts = σ1 − σ3 tϵdev = ϵ1 − ϵ3, (8)

where σk, ϵk are the principle components of the corresponding tensors. By analogy
with (7) the signed Tresca parameters t±s and t±e can also be introduced.
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2.2. Elastic state

Assuming that the strain tensor can be decomposed in elastic and plastic parts,
yields:

ϵ= ϵp+ϵe (9)

At the elastic stress-strain state the material behavior can be modeled by either:
(A) Linear elastic relation:

σ = Keθ
eI+ 2µee

e (10)

where Ke and µe are elastic volumetric and shear moduli respectively.
(B) Hypoelastic relations associated with linear elastic response in semi-logarithmic

coordinates (Roscoe, Burland, 1968; Bigoni, Hueckel, 1991) for volumetric strain -
pressure: {

d ln p−pt

p0−pt
= Kedθ

e

ds = 2µede
e (11)

where pt ≤ 0 is the elastic tensile pressure limit; p0 is the initial pressure value at
the reference configuration at which θe = 0; it is assumed that p0 > pt, ensuring
absence of the singularity in the left-hand side of Eq. (11).

(C) Hyperelastic potential (Borja, Tamagnini, 1998; Borja, Sama, Sanz, 2003):

W = p0k exp

(
θe

k

)(
1 +

α

k
IIee

)
(12)

where k and α are dimensionless constants associated with the volumetric and shear
moduli respectively. Hyperelastic potential (12) leads to the following representa-
tion for the nonlinear stress-strain relations{

p = p0 exp
(
θe

k

) (
1 + α

k IIee

)
s = 2αp0 exp

(
θe

k

)
ee

(13)

The second equation in (13) reveal exponential dependence of the shear modulus
2αp0 exp

(
θe

k

)
upon θe.

Remark 3. a) The volumetric hypoelastic equation (11) can be rewritten in terms
of increments dp, dθe:

dp = K∗
e (p)dθ

e (14)

where K∗
e (p) = (p− pt)Ke.

b) In hypoelastic relations (11) the shear modulus is usually taken as constant
(Carter, Booker, Wroth, 1982) or derived from assumption of the constant Poisson’s
ratio (Borja, Lee, 1990). In the latter case:

µe =
3(1− 2ν)

2(1 + ν)
K∗

e (p) (15)

The case of constant Poisson’s ration appears more realistic than the case of constant
shear modulus, since the latter case can lead to negative Poisson’s ratio values
(Borja, Lee, 1990).
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2.3. Yield surface

In the MCC theory the yield surface is defined by the following equation (Roscoe,
Burland, 1968, Bigoni, Hueckel, 1991):

f(p, qs, pc) ≡
1

β

(p
a
− 1

)2

+
( qs
Ma

)2

− 1 = 0 (16)

where β is a dimensionless parameter specifying the ellipsoid shape: in a subcritical
zone β = 1 (left side), in a supercritical zone β ≤ 1 (right side); the dimensionless
parameter M , known as the critical cone tangent, specifies ellipsoid dimension along
qs-axis; a is the “central” point of the ellipsoid, this parameter defines ellipsoid
dimension along p-axis:

a =
pc

1 + β
(17)

where pc is the current yield pressure value, note, that at β = 1 parameter a takes
value pc/2. Actually, parameter pc specifies evolution of the ellipsoidal surface (16).

2.4. Volumetric hardening

According to (Bigoni, Hueckel, 1991; Borja, Tamagnini, 1998) volumetric hardening
law can be described in terms of either (D) continuation of linear elastic response
(10), or (E) hypoelastic equations (11), or (F) hyperelastic potential (12). It should
be noted that in the MCC model only volumetric hardening should be specified.

(D) Volumetric behavior expressed at active loading admits following represen-
tation in terms of incremental linear equation of state (10):

dp = K(p)dθ K(p) =

{
Ke 0 < p < pc0
Kp p > pc0

(18)

where Kp is plastic hardening modulus (Kp < Ke) and pc0 is the initial yield
pressure. The initial yield pressure pc0 corresponds to the yield pressure at the
beginning of the active loading cycle; when active loading finishes, pc0 is set to
either max(p), if max(p)>pc0, or leaved unaltered in the opposite case. Integrating
equation (18) yields:

p =

{
Keθ 0 < p < pc0
pc0 +Kpθp p > pc0

(19)

where θp=θ − θc0 and θc0 = pc0/Ke is the initial (at the beginning of the active
loading) ultimate elastic volumetric strain. At unloading K(p) is taken as Ke.

(E) Continuation of the hypoelastic equation (11) to include plastic hardening is
straightforward: the first equation in (11) can be rewritten in terms of two moduli
similar to equation (18) (Schofield, 1968; Hashiguchi, 1995):

d ln
p− pt
p0 − pt

=

{
Kedθe, 0 < p < pc0
Kpdθp, p > pc0

(20)
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Remark 4. Similarly to equation (14), the second equation in (20) can be rewritten
in terms of variable tangent plastic modulus:

dp = K∗
p (p)dθp (21)

where K∗
p (p) = (p− pt)Kp.

(F) Continuation of the hyperelastic potential (12) to plastic hardening zone
includes dependencies of parameters α and k upon pressure level p > pc0 in plastic
state:

W = p0k(p) exp

(
θ

k

)(
1 +

α(p)

k(p)
IIee

)
(22)

The simplest form of dependencies for α(p), k(p) relies on bilinear functions:

k(p) =

{
ke 0 < p < pc0
kp, p > pc0

α(p) =

{
αe 0 < p < pc0
αp, p > pc0

(23)

2.5. Flow rule

Equation (16) should be supplemented by the equation of flow rule. The associated
flow rule is adopted in the most of the MCC approaches (Roscoe, Schofield, and
Wroth, 1958; Roscoe, Schofield, 1963; Roscoe, Burland, 1968; Borja, Lee, 1990).
That means coincidence of the flow potential and an equation for the yield surface,
defined by (16), at every points belonging to f(p, qs, pc):

dϵp = dγ∇σf (24)

where dγ is the plastic flow intensity parameter. That results in the following
expressions for the increment of plastic deformations:

dep ≡ dγ∇sf(p, qs, pc) dθp = 3dγ ∂pf(p, qs, pc) (25)

Performing differentiation in (25) yields:

dep = dγ
2s

(Ma)2
dθp = dγ

6

βa

(p
a
− 1

)
(26)

Taking into account relation (17), second equation in (26) takes the form:

dθp = dγ
6(1 + β)

βpc

(
p(1 + β)

pc
− 1

)
(27)

Assuming p = pc and e = 0, equation (27) yields:

dθp = dγ
6(1 + β)

pc
(28)

At a point (pc, 0) one of hardening equations (18) - (23) is adopted, allowing to
rewrite equation (28) in terms of plastic increment dpc:

dpc = dγ
6(1 + β)

pc
g(pc) (29)
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where function g(pc) is derived from the corresponding hardening equations. For
example, for hardening equation (19)2:

g(pc) = Kp (30)

Similarly, for hardening equation (21):

g(pc) ≡ K∗
p (pc) = (pc − pt)Kp. (31)

Now, in view of (29) the increment dγ can be found from the Prager consistency
condition:

∇σf · ·dσ + ∂pcf dpc = 0. (32)

Substituting into equation (32) representation for dpc from equation (29) yields the
desired equation for increment: dγ:

dγ = −∇σf · ·dσ
∂pcf

× pc
6(1 + β)g(pc)

. (33)

Equation (33) completes yield equations (26).

3. Concluding remarks

Several extensions of the MCC model are known. The kinematic hardening intro-
duced within the MCC model in (Uzan, 1985; Al Tabbaa, Wood, 1989) is extended
in (van Eekelen, van den Berg, 1994) by changing the ellipsoidal shape of both yield
and bounding surfaces to the egg shape.

In (Aboim, Roth, 1982; Hirai, 1987) the extended plasticity model by Zienkiewicz
and Mroz (1984) is applied to include plastic strain generated by an increment stress
vector directed inside the elastic region that is confined by the yield surface.

Another extension of the MCC model relies on the concept of the Bounding Sur-
face (BS) (Dafalias, Herrmann, 1980); the BS comprises all the admissible elastic-
plastic states, and the hardening volumetric modulus is a function of a distance
from the current state and BS. Further extensions of the BS concept known as the
General Plasticity (GP) model, are proposed in (Auricchio, Taylor, Lubliner, 1992;
Auricchio, Taylor, 1999). Both BS and GP models are introduced to ensure smooth
transition from elastic to plastic states.

The case of finite deformation for the MCC model is considered in (Simo,
Meschke, 1993; Borja, Tamagnini, 1998; Callari, Auricchio, Sacco, 1998). In (Simo,
Meschke, 1993) the linear response v − ln p and assumption of the constant shear
modulus is considered, while in (Borja, Tamagnini, 1998; Callari, Auricchio, Sacco,
1998) an assumption of the constant Poisson’s ratio coupled with potential (22),
and hence, variable shear modulus, is adopted.
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