Derivation of the equations of motion of

the compound manipulator

t6dz 2010



Analyzed system

@1, @ — angular coordinates of manipulator’s arms,

Mo, My — masses of driving systems,

m, — main mass,
m, | — mass and length of manipulator’s arms pulatora,
Co, C1 — Viscous damping coefficients,

Mo(t), My(t) — driving moments.

Fig. 1

During the analysis of moving parts nodal masses m; and m, were treated as concentrated
in the nodes at the ends of arms



LAGRANGE’S EQUATIONS

General form:

U — Kkinetic energy,
V — potential energy,
D — function of damping,

Qi(t) — external forces,
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1) kinetic energy

1(1
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Vg = (|(b1)2 + (|¢2)2 +2I 2¢1¢2 cos(¢, — ).

Véz = (l(bl)z + (O-5l¢2)2 +|2¢1¢2 cos(¢, — ¢y),

U= _(—mlngf +mylpf +112mlng22 +mv, + mzvgj, (2)
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Substituting equations (2a) and (2b) into the equation (2) we obtain
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(012 +§m2|2§922 + m2|2§01(P2 cos(p, —@).

Finally we have

U= %(gm+ m; + mzjlz(blz +%(%m+ m2j|2¢22 +(%m+ m2j|2¢’1¢2 cos(p, —¢). (4)



2) potential energy

V =mg Iasin @, +myglsin g, + mg(l sin ¢, +|§sin gpzj +m,g(Isin ¢, +1sin g, ), (5)
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Vv =(gm+m1 +m2jglsin ) +(%m+m2jglsin @,. (6)

Fig. 3




3) Damping function

Linear viscous damping:

1 . 1 . :
D= §C0¢12 +§C1((P2 _(Pl)z- (7)

Fig. 4



4) external load

Rys. 5
Q=M (1) + My(t), (8a)

Q, =—M(t) (8b)



DERIVATION OF THE EQUATIONS OF MOTION

Substitutions:

1 3

After applying the above substitutions in equations (4) and (6), kinetic and potential energies
are described as follows:

1

U :EBA(MZ +%BB¢22 +myl?

D1, COS(@, — @), 9)

V =mgglsin ¢, + m,glsin ¢,. (10)



Components of Lagrange’s equation:

Arm 1
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Substituting into Lagrange equation (1) above formulas, driving components (8a) and (8b), and
assuming that the viscous damping coefficients are identical - cO = ¢1 = ¢, we obtain the
differential equation of motion (2" order) of the manipulator as:

Bogy + Ml ? CoS(@, — @1 )P, — Myl ’ sin( g, _¢1)¢§+m3 glcose, +c(2¢, —@,) = My (t) + My (1),
(11a)

B, +m,l ? COS(@, — @)@y + Myl ? sin(g, — (01)(0?L+mAg| Cosp, +C(p, —¢p) =—M,(t). (11b)
And after another transformations:
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M, (t) + M, (t _M |
P = o (D) +M; (1) _ My |12 cos(e, _401){ = o I* sin(e, _¢1)¢i_%g| 0S¢ _i(gbz _gbl)}_
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We have

=
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Changing the variables
P = X DL = Xy, Pr =Xy,
@y = Y1 Dy = Yo, Py = Yo,
equations (14a) and (14b) can be written in form of four1® order differential equations
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