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Analyzed system 

 

 

1, 2 – angular coordinates of manipulator’s arms, 

m0, m1 – masses of driving systems, 

m2 – main mass, 

m, l – mass and length of manipulator’s arms pulatora, 

c0, c1 – viscous damping coefficients, 

M0(t), M1(t) – driving moments. 

 

 

Fig. 1 

 

 

During the analysis of moving parts nodal masses m1 and m2 were treated as concentrated 

in the nodes at the ends of arms 
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LAGRANGE’S EQUATIONS 

 

General form: 
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U – kinetic energy, 

V – potential energy, 

D – function of damping, 

Qi(t) – external forces, 
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1) kinetic energy 
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Fig. 2 
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Substituting equations (2a) and (2b) into the equation (2) we obtain 
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Finally we have 
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2) potential energy 
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3) Damping function 

 

Linear viscous damping: 

 2121
2
10

2

1

2

1
   ccD .       (7) 

 

Fig. 4 
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4) external load 

Rys. 5 
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DERIVATION OF THE EQUATIONS OF MOTION 

 

Substitutions: 
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After applying the above substitutions in equations (4) and (6), kinetic and potential energies 

are described as follows: 
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Components of Lagrange’s equation: 
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Substituting into Lagrange equation (1) above formulas, driving components (8a) and (8b), and 

assuming that the viscous damping coefficients are identical - c0 = c1 = c, we obtain the 

differential equation of motion (2nd order) of the manipulator as: 
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We have 
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Changing the variables 

212111           ,         , xxx    , 

 

222212           ,         , yyy    , 

 

equations (14a) and (14b) can be written in form of four1st order differential equations  
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